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Abstract. We study Cartan subalgebras in the context of amalgamated free product Hi factors 
and obtain several uniqueness and non-existence results. We prove that if V belongs to a large 
class of amalgamated free product groups (which contains the free product of any two infinite 
groups) then any Hi factor L°° (X) X T arising from a free ergodic probability measure preserving 
action of T has a unique Cartan subalgebra, up to unitary conjugacy. We also prove that if 
1Z — 1Z\ *TZ2 is the free product of any two non-hyperfinite countable ergodic probability measure 
preserving equivalence relations, then the Hi factor L(JZ) has a unique Cartan subalgebra, up 
to unitary conjugacy. Finally, we show that the free product M = Mi * M2 of any two Hi 
factors does not have a Cartan subalgebra. More generally, we prove that if A C M is a diffuse 
amenable von Neumann subalgebra and P C M denotes the algebra generated by its normalizer, 
then either P is amenable, or a corner of P can be unitarily conjugate into Mi or M2. 



1. Introduction 

A Cartan subalgebra of a Hi factor M is a maximal abelian von Neumann subalgebra A whose 
normalizer generates M. The study of Cartan subalgebras plays a central role in the classification 
of Hi factors arising from probability measure preserving (pmp) actions. If T rx (X, n) is a free 
ergodic pmp action of a countable group T, then the group measure space Hi factor L°°(X) x T 
|MvN36| contains L°°(X) as a Cartan subalgebra. In order to classify L°°(X) x V in terms of 
the action T rx X, one would ideally aim to show that L°°(X) is its unique Cartan subalgebra 
(up to conjugation by an automorphism). Proving that certain classes of group measure space 
Hi factors have a unique Cartan subalgebra is useful because it reduces their classification, up to 
isomorphism, to the classification of the corresponding actions, up to orbit equivalence. Indeed, 
following [Si55,FM77], two free ergodic pmp actions r rx X and A rx Y are orbit equivalent if and 
only if there exists an isomorphism 6 : L°°(X) x T -> L°°(Y) x A such that 9(L°°(X)) = L°°(Y). 

In the case of Hi factors coming from actions of amenable groups, both the classification and 
uniqueness of Cartan problems have been completely settled since the early 1980's. A celebrated 
theorem of A. Connes |Co76j asserts that all Hi factors arising from free ergodic pmp actions of 
infinite amenable groups are isomorphic to the hyperfinite Hi factor, R. Additionally, |CFW81] 
shows that any two Cartan subalgebras of R are conjugate by an automorphism of R. 

For a long time, however, the questions of classification and uniqueness of Cartan subalgebras for 
Hi factors associated with actions of non-amenable groups, were considered intractable. During 
the last decade, S. Popa's deformation/rigidity theory has led to spectacular progress in the 
classification of group measure space Hi factors (see the surveys |Po071IVal0apiol2] ) . This was 
in part made possible by several results providing classes of group measure space Hi factors that 
have a unique Cartan subalgebra, up to unitary conjugacy. The first such classes were obtained 
by N. Ozawa and S. Popa in their breakthrough work [OP07,OP08j. They showed that Hi factors 
L°°(X) x r associated with free ergodic profinite actions of free groups T = F n and their direct 
products T = F m x F„ 2 x ... x F nfe have a unique Cartan subalgebra, up to unitary conjugacy. 
Recently, this result has been extended to profinite actions of hyperbolic groups (CSllj and of 
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direct products of hyperbolic groups [CSUllj . The proofs of these results rely both on the fact 
that free groups (and, more generally, hyperbolic groups, see [Oz07| . [OzlOj ) are weakly amenable 
and that the actions are profinite. 

In a very recent breakthrough, S. Popa and S. Vaes succeeded in removing the profiniteness 
assumption on the action and obtained wide-ranging unique Cartan subalgebra results. They 
proved that if T is either a weakly amenable group with P\'(T) > [PVTT] or a hyperbolic 
group |PV12j (or a direct product of groups in one of these classes), then Hi factors L°°(X) x T 
arising from arbitrary free ergodic pmp actions of T have a unique Cartan subalgebra, up to 
unitary conjugacy. Following |PV1H Definition 1.4], such groups T, whose every action gives rise 
to a Hi factor with a unique Cartan subalgebra, are called C-rigid (Cartan rigid). 

In this paper we study Cartan subalgebras of tracial amalgamated free product von Neumann 
algebras M = Mi *b M2 (see |Po93llVDN92j for the definition). Our methods are best suited to 
the case when M = L°°(X) x T comes from an action of an amalgamated free product group 
r = Ti *aT2- In this context, by imposing that the inclusion A < T satisfies a weak malnormality 
condition |PV09| . we prove that L°°(X) is the unique Cartan subalgebra of M, up to unitary 
conjugacy, for any free ergodic pmp action T r% X. 

Theorem 1.1. Let T = Ti *\ T2 be an amalgamated free product group such that \Fi : A] ^ 2 
and [T2 : A] ^ 3. Assume that there exist gi, g2, g n £ T such that Df^giAg^ 1 is finite. Let 
r r\ (X,fj,) be any free ergodic pmp action ofT on a standard probability space (X,fj,). 

Then the ll\ factor M = L°°{X) x V has a unique Cartan subalgebra, up to unitary conjugacy. 

Moreover, the same holds ifT is replaced with a direct product of finitely many such groups V. 

This result provides the first examples of C-rigid groups V that are not weakly amenable (take 
e.g. r = SL^(7j) * E, where X is any non-trivial countable group). 

Theorem 11.11 generalizes and strengthens the main result of [PV09J. Indeed, in the above setting, 
assume further that A is amenable and that T2 contains either a non-amenable subgroup with 
the relative property (T) or two non-amenable commuting subgroups. [PV09J Theorem 1.1] then 
asserts that M has a unique group measure space Cartan subalgebra. 

Theorem 11.11 provides strong supporting evidence for a general conjecture which predicts that 
any group T with positive first £ 2 -Betti number, f3^(T) > 0, is C-rigid. Thus, it implies that the 
free product r = Ti * T2 of any two countable groups satisfying |Ti| ^2 and | T^2 1 ^ 3, is C-rigid. 

Recently, there have been several results offering positive evidence for this conjecture. Firstly, it 
was shown in [PV09] that if T = T\ *T2, where Ti is a property (T) group and T2 is a non-trivial 
group, then any Hi factor L°°(X) x T associated with a free ergodic pmp action of T has a unique 
group measure space Cartan subalgebra, up to unitary conjugacy (see also |FV101lHPV10j ). 
Secondly, the same has been proven in |CP10j under the assumption that (3\ (T) > and T 
admits a non-amenable subgroup with the relative property (T). For a common generalization 
of the last two results, see [ValObj . Thirdly, we proved that if (3^ (T) > 0, then L°°(X) x T 
has a unique group measure space Cartan subalgebra whenever the action V rx (X, fi) is either 
rigid [Iollaj or compact [Iollb]. As already mentioned above, the conjecture has been very 
recently established in full generality for weakly amenable groups T with j3\ (T) > in |PV11| . 

As a consequence of Theorem II. II we obtain a new family of W*-superrigid actions. Recall that a 
free ergodic pmp action T r\ (X, /u) is called W*-superrigid if whenever L°°(X) x T = L°°(Y) x A, 
for some free ergodic pmp action A r\ (Y, v), the groups V and A are isomorphic, and their actions 
are conjugate. The existence of virtually W*-superrigid actions was proven in |Pe09| . The first 
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concrete families of W*-superrigid actions were found in |PV09| where it was shown for instance 
that Bernoulli actions of many amalgamated free product groups have this property. In [IolO] 
we proved that Bernoulli actions of ice property (T) groups are W*-superrigid. By combining 
Theorem 11.11 with the cocycle superrigidity theorem [Po06a] we derive the following. 

Corollary 1.2. Let V = Y\ *a ^2 and T' = *^/ T' 2 be two amalgamated free product groups 
satisfying the hypothesis of Theorem li.il Denote G = T x V . 

Then any free action ofG which is a quotient of the Bernoulli action G rx [0, 1] G is W* -superrigid. 

Next, we return to the study of Cartan subalgebras of general amalgamated free product Hi 
factors M = M±*bM2- Assuming that B is amenable and M satisfies some rather mild conditions, 
we prove that any Cartan subalgebra A C M has a corner which embeds into B, in the sense of 
S. Popa's intertwining-by-bimodules [Po03J (see Theorem 12. ip . This condition, written in symbols 
as A -<m B, roughly means that A can be conjugated into B via a unitary element from M. 

Theorem 1.3. Let (Mi,t\) and (M2,T2) be two tracial von Neumann algebras with a common 
amenable von Neumann subalgebra B such that T\\ B = t%\b- Assume that M = M\ *b M% is a 
factor and that either: 

(1) M\ and M2 have no amenable direct summands, or 

(2) M does not have property T andpMyp 7^ pBp 7^ pM2P, for any non-zero projection p £ B. 
Lf A C M is a Cartan subalgebra, then A -<m B. 

Recall that a tracial von Neumann algebra (M, r) is a von Neumann algebra M endowed with a 
normal faithful tracial state r. As usual, we denote by ||x||2 = t{x*x)^ the induced Hilbert norm 
on M. Recall also that a Hi factor M has property V if there exists a sequence u n £ M of unitary 
elements such that r(u n ) = 0, for all n, and || II 2 0, for every x G M [MvN43j. 

Theorem 11.31 has two interesting applications. 

Firstly, it yields a classification result for von Neumann algebras L(1Z) [FM77] arising from the 
free product 1Z = 1Z\*1Z2 of two equivalence relations (see [Ga99] for the definition). For instance, 
it implies that if IZ2 are ergodic and non-hyperfinite, then any countable pmp equivalence 
relation S such that L(S) = L(1Z) is necessarily isomorphic to 1Z. More generally, we have 

Corollary 1.4. Let 7Z be a countable ergodic pmp equivalence relation on a standard probability 
space (X,fi). Assume that 1Z = 1Z\ * IZ2, for two equivalence relations 1Z\ and IZ2 on (X,fj,). 
Additionally, suppose that either: 

(1) 7£i|y and 1Z2\y ar s not hyperfinite, for any Borel set Y C X with fi(Y) > 0, or 

(2) 1Z is strongly ergodic, and 1Z\ and IZ2 have infinite orbits, almost everywhere. 

Then L°°(X) is the unique Cartan subalgebra of L(1Z), up to unitary conjugacy. 

Thus, if L(1Z) = L(S), for any ergodic countable pmp equivalence relation S, then 1Z = S. 

Here, TZ\y ■= TZ H (Y X Y) denotes the restriction of TZ to Y. Recall that an ergodic countable 
pmp equivalence relation TZ on a probability space (X, fi) is called strongly ergodic if there does 
not exist a sequence of Borel sets Y n C X such that ^{Y n ) = i, for all n, and fi(9(Y n )AY n ) — > 0, 
for any Borel automorphism 9 of X satisfying (9(x),x) E TZ, for almost every x G X. 

Secondly, Theorem 1 1 . 3 1 allows us to show that the free product of any two diffuse tracial von 
Neumann algebras does not have a Cartan subalgebra. By using the notion of free entropy for 
von Neumann algebras, D. Voiculescu proved that the free group factors L(¥ n ) do not have 
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Cartan subalgebras [Vo95j. This result was extended in [Ju05|, Lemma 3.7] to show that the free 
product M = M\ * M 2 of any two diffuse tracial von Neumann algebras (Mi,t%) and (M2,T2), 
which are embeddable into R u , does not have a Cartan subalgebra. Here we prove this result 
without requiring that Mi and M 2 embed into R^. More generally, we have 

Corollary 1.5. Let {M\,t\), (M2, t 2 ) be tracial von Neumann algebras satisfying M\ 7^ CI 7^ M2 
and dim(M\) + e?im(M 2 ) ^ 5. 

Then their free product M = Mi * M2 does not have a Cartan subalgebra. 

Corollary [T31 shows that if Ml ^ CI 7^ M 2 and (dim(Mi), dim(M 2 )) / (2,2), then M has 
no Cartan subalgebra. On the other hand, if dim(Mi) = dim(M2) = 2, then M is of type I 
(see |Dy93 Theorem 1.1]) and therefore has a Cartan subalgebra. 



So far, our results only apply to Cartan subalgebras of amalgamated free product von Neumann 
algebras M = Mi *b M 2 . From now on, we more generally study, in the spirit of [OP07J 
and [ PVllj . normalizers of arbitrary diffuse amenable von Neumann subalgebras A C M. Recall 
that the normalizer of A in M, denoted Mm (A), is the group of unitaries u G M such that 
uAu* = A. Assuming that the normalizer of A satisfies a certain spectral gap condition, we 
prove the following dichotomy: either a corner of A embeds into Mj, for some i S {1,2}, or the 
algebra generated by the normalizer of A is amenable relative to B. More precisely, we show 

Theorem 1.6. Let (M\,ti) and (M 2 ,r 2 ) be two tracial von Neumann algebras with a common 
von Neumann subalgebra B such that ti\b = T2\b- Let M = M\ *b M 2 and A C M be a von 
Neumann subalgebra which is amenable relative to B. Denote by P = Mm (A)" the von Neumann 
algebra generated by the normalizer of A in M. Asume that P 1 n M w = CI, for a free ultrafilter 
uj on N. 

Then one of the following conditions holds true: 

(1) A < M B. 

(2) P -< M Mi, for some i G {1, 2}. 

(3) P is amenable relative to B. 

For the definition of relative amenability, see Section 12.21 For now, note that if B is amenable, 
then P is amenable relative to B if and only if P is amenable. By a result of A. Connes [Co76], 
the condition P' n M u = CI holds if and only if the representation U(P) rx L 2 (M) Q CI given 
by conjugation has spectral gap (i.e. has no almost invariant vectors). 

We believe that Theorem 11.61 should hold without assuming that P' n M w = CI, but we were 
unable to prove this for general B. Nevertheless, in the case B = C, a detailed analysis of the 
relative commutant P' C\M U (see Section 6) enabled us to show that the condition P'nM^ = CI 
is indeed redundant. 

Corollary 1.7. Let (Mi,ti), (M 2 ,t 2 ) be two tracial von Neumann algebras. Let M = M\ * M 2 
and A C M be a diffuse amenable von Neumann subalgebra. Denote P = Nm{A)" . 

Then either P -<m Mj, for some i £ {1, 2}, or P is amenable. 

For a more precise version of this result in the case Mi and M 2 are Hi factors, see Corollary 19. 11 

Finally, we present a new class of strongly solid von Neumann algebras. Recall that a von 
Neumann algebra M is called strongly solid if Mm (A)" is amenable, whenever A C M is a diffuse 
amenable von Neumann subalgebra |OP07| . N. Ozawa and S. Popa proved in [OP07J that the free 
group factors L(¥ n ) are strongly solid. More generally, I. Chifan and T. Sinclair recently showed 
that the von Neumann algebra L(T) of any ice hyperbolic group T is strongly solid [CSllj . 
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The class of strongly solid von Neumann algebras is not closed under taking amalgamated free 
products. For instance, if F2 {X, //) is a pmp action on a non-atomic probability space (X,fj,), 
then the group measure space algebra L°°(X) x F2 = (L°°(X) x Z) *l°°(x) (L°°(X) x Z) is not 
strongly solid, although the algebras involved in its amalgamated free product decomposition are 
amenable and hence strongly solid. 

However, as an application of Theorem ll.6l we prove that the class of solid von Neumann algebras 
is closed under free products (Corollary I9.6P More generally, we show that if M\ and M2 are 
strongly solid von Neumann algebras, then the amalgamated free product M = Mi *b M2 is 
strongly solid, provided that the inclusions B C M\ and B C M2 are mixing, and B is amenable. 

Theorem 1.8. Let (Mi,ti) and (M2,T2) be strongly solid von Neumann algebras with a common 
amenable von Neumann subalgebra B such that t\\b = T2\b- Assume that the inclusions B C M\ 
and B C M2 are mixing. Denote M = M\ * b M2 ■ 

Then M is strongly solid. 

For the definition of mixing inclusions of von Neumann algebras, see Section 19.41 For now, let 
us point out that the inclusion B C M is mixing whenever the B-B bimodule L 2 (M) Q L 2 (B) is 
contained in a multiple of the coarse B-B bimodule L 2 (B) ® L 2 (B). 

Theorem 11.81 implies that if M\, M2, M n are amenable von Neumann algebras with a common 
von Neumann subalgebra B such that the inclusions B C Mi , B C M2 , ■ ■ ■ , B C M n are mixing, 
then M = Mi *b M2 *b ■■■ *B M n is strongly solid (Corollary 19. T| . 

Comments on the proofs. The most general type of result that we prove is Theorem ll.61 Let 

us say a few words about its proof. Assume therefore that A is a von Neumann subalgebra of an 
amalgamated free product von Neumann algebra M = Mi *b M2 that is amenable relative to B. 
We denote P = N M {A)" and assume that P' n M w = CI. 

Our goal is to show that either A -<m Mi, for some i £ {1,2}, or P is amenable relative to B. 
This is enough to deduce the conclusion of Theorem 11,6} because by [IPP05, Theorem 1.1] the 
first case implies that either A -<m B or P -<m Mi, for some % G {1,2}. 

The strategy of proof is motivated by a beautiful recent dichotomy theorem due to S. Popa 
and S. Vaes. To state the particular case of |PV1H Theorem 1.6] that will be useful to us, let 
F2 rx (N, r) be a trace preserving action of the free group F2 on a tracial von Neumann algebra 
(JV, r). Denote M = N x F2. Given a von Neumann subalgebra D C M that is amenable relative 
to N , it is shown in [PV11| that either D N or Af^j(D)" is amenable relative to N. 

In order to apply this result in our context, we use the free malleable deformation introduced 
in |IPP05j . More precisely, define M = M * B (B®L(F 2 )). Then M C M and one constructs 
a 1-parameter group of automorphisms {9t}teR of M as follows. Let ui,U2 € L(¥2) be the 
canonical generating unitaries and /12, /12 £ ^(¥2) be hermitian elements such that ui = exp(ihi) 
and U2 = exp(z/i2). For t 6 I, define the unitary elements u\ = exp(ithi) and u\ = exp(ith,2). 
Then there exists an automorphism 6t of M such that 

9t\M\ = Ad(u')| Ml , 0t\M a = Ad(«2)[M a an( i ^|l(f 2 ) = ^l(f 2 )- 

The starting point of the proof is the key observation that M can be written as M = N x F2, 
where is the von Neumann subalgebra of M generated by {u g Mu*} g £f 2 and F2 acts on via 
conjugation with {u g } g ^ 2 . 

Now, let t G (0, 1) and notice that 6t(P) C M^iOt^A))" . Since A is amenable relative to B and 
t (B) = B C N, we deduce that 6t{A) is amenable relative to N. By applying the dichotomy 



6 



ADRIAN IOANA 



of [PVllj . we conclude that either 9 t (A) -< M N or t (P) is amenable relative to N. Since t G (0, 1) 
is arbitrary, we are therefore in one of the following two cases: 

(1) 9 t (A) N > for some f G (°> !)■ 

(2) 0t(P) is amenable relative to N, for any t G (0, 1). 

The core of the paper consists of analyzing what can be said about the von Neumann subalgebras 
A and P of M which satisfy these conditions. Note that since 9\{M) C N, these conditions are 
trivially satisfied for any subalgebra A C M when t = 1. 

Thus, we prove in Section 3 that if (1) holds then A -<m Mi, for some i G {1,2}. The proof of 
this result has two main ingredients. To explain what they are, assume by contradiction that 
A -^M Mi, for any i G {1,2}. Then 1 1 M '()•"), Theorem 3.1] provides a sequence of unitary elements 
Uk G A which are asymptotically (i.e., as k — > oo) supported on words in M\ Q B and M2 B 
of length ^ t, for every I ^ 1. In the second part of the proof, we use a calculation from the 
theory of random walks on groups to derive that the unitaries 9t(uk) G 9t(A) are asymptotically 
perpendicular to aNb, for any a, b G M. This contradicts the assumption that (1) holds. 

In Sections 4 and 5 we investigate which von Neumann subalgebras P C M satisfy (2). Our first 
result addressing this question asserts that if (2) holds for P = M, then M\ or M2 must have a 
amenable direct summand (see Theorem 14. ip . In combination with the above, it follows that if 
A C M is a Cartan subalgebra, then either A -<m Mi or Mj has an amenable direct summand, 
for some i G {1, 2}. This readily implies Theorem 11.31 under the first set of conditions. 

However, in order to prove Theorem 11.61 we need consider arbitrary von Neumann subalgebras 
P C M which satisfy (2) in addition to the initial assumption that P n M u = CI. Under these 
assumptions, we prove that either P ~<m Mi, for some i G {1, 2}, or P is amenable relative to B 
(see Theorem 15. 1|) . It is clear that this result completes the proof of Theorem 11.61 

Organization of the paper. Besides the introduction this paper has eight other sections. In 
Section 2 we recall the tools that are needed in the sequel as well as establish some new results. 
For instance, we prove that if A C M = M\*bM<i is a von Neumann subalgebra that is amenable 
relative to M\, then either A is amenable relative to B, or a corner of Mm (A)" embeds into Mi 
(see Corollarv l2.12p . We have described above the contents of Section 3-5. In Section 6, motivated 
by the hypothesis of Theorem 11.61 we study the relative commutant P' n M u , where P is a von 
Neumann subalgebra of an amalgamated free product algebra M = M\ *b Mi- Finally, Sections 
7-9 are devoted to the proofs of the results stated in the introduction. 

Acknowledgements. I am very grateful to Remi Boutonnet, Ionut Chifan, Cyril Houdayer, 
Yoshimichi Ueda and Stefaan Vaes for many helpful comments on the first version of this paper. 
In particular, I would like to thank Cyril and Stefaan for pointing out errors in the initial proofs 
of Lemmas 19.51 and 12.41 respectively, and Yoshimichi for pointing out that Corollary 11.51 holds in 
the present generality. 

2. PRELIMINARIES 
We start by recalling some of the terminology that we use in this paper. 

Throughout we work with tracial von Neumann algebras {M, r), i.e. von Neumann algebras M 
endowed with a faithful, normal, tracial state r. We assume that M is separable, unless it is an 
ultraproduct algebra or we specify otherwise. 
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We denote by Z(M) the center of M, by IA{M) the group of unitaries of M and by {M)\ the 
unit ball of M. We say that a von Neumann subalgebra AcMis regular in M if Nm{A)" = • 

For a free ultrafilter uj on N, the ultraproduct algebra M u is defined as the quotient ^°°(N, M)/I, 
where I C £°°(N, M) is the closed ideal of x = (x n ) n such that ]im n -^. w [|x n [|2 = 0. As it turns out, 
is a tracial von Neumann algebra, with its canonical trace given by r a; ((x n ) Tl ) = liirin,-^ T(x n ). 

If M and iV are tracial von Neumann algebras, then an M-N bimodule is a Hilbert space % 
endowed with commuting normal *-homomorphisms ir : M — > M(T~L) and p : N 013 — > M(7i). For 
x G M, y G iV and £ G % we denote x£y = Tr(x)p(y)(£). 

Next, let M, N, P be tracial von Neumann algebras. Let T~L and tC be M-N and N-P bimodules. 
Let /Co be vector subspace of vectors r] G K, that are left bounded, i.e. for which there exists 
c > such that \\xr]\\ ^ c||a;||2, for all x G N. The Connes tensor product H(£>nJC is defined as the 
separation/completion of the algebraic tensor product %®Kq with respect to the scalar product 
(£ ®n Vi£' ®N ff) = {CViOj where y G N satisfies (xr],rf) = r(xy), for all x G N. Note that 
TI^nK- carries a M-P bimodule structure given by x(£ (g)jv = ^ ®N VU- 

In the following six subsections we present the tools we will use in the proofs of our main results. 

2.1. Intertwining-by-bimodules. We first recall from [Po03, Theorem 2.1 and Corollary 2.3] 
S. Popa's powerful intertwining-by-bimodules technique. 

Theorem 2.1. t Po03^ Let (M, r) be a tracial von Neumann algebra and P, Q C M be two (not 
necessarily unital) von Neumann subalgebras. Then the following are equivalent: 

• There exist non-zero projections p G P,q G Q, a *-homomorphism <p : pPp — > qQq and a 
non-zero partial isometry v G qMp such that 4>(x)v = vx, for all x G pPp. 

• There is no sequence u n G U(P) satisfying \\EQ(xu n y)\\2 — > 0, for all x,y G M. 

If one of these conditions holds true, then we say that a corner of P embeds into Q inside M and 
write P -<m Q- 

Note that if M is not separable, then the same statement holds if the sequence {u n } n is replaced 
by a net. 

2.2. Relative amenability. A tracial von Neumann algebra (M, r) is called amenable if there 
exists a net £ n G L 2 (M)®L 2 (M) such that (x£ ni£n) ~ t T { x ) arj d \\x£ n — £ n x\\2 —7- 0, for every 
x G M. By A. Connes' theorem }Co76j , M is amenable iff it is approximately finite dimensional, 
i.e. M = (Un^iMn)", for an increasing sequence (M n ) n of finite dimensional subalgebras of M. 

Let Q C M be a von Neumann subalgebra. Jones' basic construction (M, eg) is defined as the von 
Neumann subalgebra of B(L 2 (M)) generated by M and the orthogonal projection eg from L 2 (M) 
onto L 2 (Q). Recall that (M,cq) has a faithful semi-finite trace given by Tr(xeQyL) = rixy) 
for all x,y G M. We denote by L 2 ((M, e<g)) the associated Hilbert space and endow it with the 
natural M-bimodule structure. Note that L 2 ((M,e Q )) = L 2 (M)®qL 2 (M), as M-M bimodules. 

Now, let P C pMp be a von Neumann subalgebra, for some projection p G M. Following 
[OP07, Definition 2.2] we say that P is amenable relative to Q inside M if there exists a net 
^ G L 2 (p{M,e Q )p) such that {x£ n ,£ n ) ->■ t(x), for every x G pMp, and - Uuh -> 0, for 
every y £ P. Note that when Q is amenable, this condition is equivalent to P being amenable. 

By [OP071 Theorem 2.1], relative amenability is equivalent to the existence of a P-central state 
4> on p(M, eQ)p such that 4>\ p m p = T \ P Mp- Recall that if S is a subset of a von Neumann algebra 
M, then a state (p on .M is said to be S-central if 4>(xT) = 4>{Tx), for all x G <S and T G A4. 
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Remark 2.2. Let P C pMp and QcMbe von Neumann subalgebras. 

(1) Suppose that there exists a non-zero projection po G P such that poPpo is amenable 
relative to Q inside M. Let p\ G Z(P) be the central support of pq. Then Pp\ is amenable 
relative to Q. Indeed, let £ n G L 2 (po(M,eQ)po) be a net such that (x^ n ,^ n ) — > t(x), for 
every x G PoMp , and ||y£ n - £ n y|| 2 ->■ 0, for every y G Po-Ppo- Also, let {fi}^ C P 
be partial isometries such that p\ = Y^iLx v i v t and v*Vi ^ po; for all i. It is easy to see 
that the net r] n = Y^£Li v i^nV* G L 2 (pi(M, eQ)pi) witnesses the fact that Pp\ is amenable 
relative to Q. 

(2) Suppose that there exists a non-zero projection p\ G P' CipMp such that Pp\ is amenable 
relative to Q inside M. Let p2 G Z{P' DpMp) be the central support of p\. By reasoning 
as in part (1) one deduces that Pp2 is amenable relative to Q inside M. 

(3) If P -<m Q, then there is a non-zero projection po G P such that PoPpo is amenable 
relative to Q. Thus by (1) and (2) there is a non-zero projection p 2 G Z{P' CipMp) such 
that Ppi is amenable relative to Q inside M. 

The following lemma, established in [OP071 Corollary 2.3] (see also |PV1H Section 2.5]), provides 
a very useful criterion for relative amenability. 

Lemma 2.3. \OP07^ Let (M, r) be a tracial von Neumann algebra and Q C M be a von Neumann 
subalgebra. Let P C pMp be a von Neumann subalgebra, for some projection p G M. Assume 
that there exists a Q-M bimodule K, and a net £ n G pL 2 (M)(&qK, such that 

• limsup n ||x^ n ||2 ^ 1Mb; for all x G pMp, 

• limsup n H^nlb > 0, and 

• hin ~ knVh -> 0, for all y G P. 

Then Pp' is amenable relative to Q inside M, for some non-zero projection p' G Z{P' DpMp). 

Proof. Let us first argue that we may additionally assume that liminf n ||£ n ||2 > 0. To see this, 
suppose that the net £ n is indexed by a directed set I and denote S = limsup n ||£ n ||2- Let J be 
set of triples j = (X, Y, e), where X C pMp, Y C P are finite sets and e > 0. We make J a 
directed set by putting (X, Y, e) s$ {X 1 , Y' , e') if X C X' , Y C Y' and e' e. 

Fix j = (X, Y, e) G J. By the hypothesis we can find n G / such that ||x£ m ||2 ^ 1Mb + £ and 
\\y£m ~ CmUh < e > for all x G A", y G 1" and every m ^ n. Since sup m>n ||£ m || 2 > limsup n ||£n|| 2 , 
we can find, tti ^ ti such that ||£m, || 2 > |. Define rjj = £ m . Then the net (rjj)j^j clearly satisfies 
limsupj ||xT/j||2 ^ IMh; for all x G pMp, liminfj ||??j||2 > 0, and \\yr/j — 77 j 2/ 1 1 2 — > 0, for all y G P. 

Now, choose a state, denoted linx,-, on £°°(J) extending the usual limit. Note that 7r : (M,cq) — > 
B(L 2 (M)(8>q/C) given by 7r(T)(£ <8>q 77) = T(£) ®q n is a normal *-homomorphism. Define ^ : 
(M, eg) ->■ C by letting 

ip{T) = lim||77 i ||2 2 (7r(r)r/ J -,?7j)- 
3 

Then ip is a state on (M, eg) such that V'(p) = 1, ^ is P-central and VlpMp is normal. By 
choosing, as in the proof of [OP071 Corollary 2.3], the minimal projection p' G Z(P' DpMp) such 
that ip(p') = 1 and applying [OP07, Theorem 2.1], the conclusion follows. □ 

Lemma 2.4. Let (M, r) be a tracial von Neumann algebra and Q C M be a von Neumann 
subalgebra. Let P C pMp be a von Neumann subalgebra, for some projection p G M . Let u be a 
free ultrafilter on N. 

Suppose that P ~< Q u ■ More generally, assume that there exists a non-zero projection po G 
P' n (pMpY such that Ppo is amenable relative to Q u inside . 
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Then Pp' is amenable relative to Q inside M , for some non-zero projection p' G Z(P' DpMp). 

Proof. Let X C pMp, Y C P be finite subsets and e > 0. Since Ppo is amenable relative to , 
we can find a vector £ G L 2 (j)q(M u1 , CQ")po) such that 

(2.1) ||<|| 2 < ||x|| 2 for all x G X, ||£|| 2 > 1™, and 

(2.2) IK-£y|| 2 <£ for all y G K 

By approximating £ in ||.|| 2 , we may assume that £ is in the linear span of {aeQu,b\a, b G M 10 }. 
Write £ = ^i=i a « e Q"^' where aj,&j G M w . For every j G {l,...,k}, represent ctj = {ai yn ) n and 
&i = (&i,n)n, where 

0"j,n> ^«,n £ Af. For every n., define £ n — ^2i=i ®i,n£Qbi t n e (Af,e Q ). 
Then for all z G M, we have that ||z£|| 2 — hm n _ ^ w 

\\zin\h and \\£z\\2 = lim ||£ n z|| 2 . UsingO 
and 12.21 it follows that we can find n such that rj = £ n G (M, eg) satisfies ||xr/|| 2 < ||a;|| 2 , for all 

s G X, H77H2 > ^ip, and — £y|| 2 < e, for all y £Y. Continuing as in the proof of Lemma [231 
gives the conclusion. □ 

2.3. Property T. A II\ factor M has property T of Murray and von Neumann |MvN43j if there 
exists a sequence of unitaries u n G M with r(u n ) = such that \\xu n — ii n x|| 2 — > 0, for all x G M. 
If uj is a free ultrafilter on N, then property V is equivalent to M' n M w 7^ CI. 

By a well-known result of A. Connes |Co76[ Theorem 2.1] property T is also equivalent to the 
existence of a net of unit vectors £ n G L 2 (M) Q CI such that \\x£ n — £ n ^||2 — > 0, for all x G Af. 
The proof of [Co76[ Theorem 2.1] moreover shows the following. 

Theorem 2.5. \Co70l Let P be a von Neumann subalgebra of a II\ factor M and oj be a free 
ultrafilter on N. 

If P' n M u = Cl, then there does not exist a net of unit vectors £ n G L 2 (M) CI suc/i that 
\\x£ n — £ n x\\2 0, for all x G P. 

Remark 2.6. Let us very briefly explain why Theorem 12.51 follows by repeating verbatim part of 
the proof of |Co761 Theorem 2.1]. To this end, assume by contradiction that P' n Af w = Cl and 
that there is a net of unit vectors £ n G L 2 (M) Q Cl such that \\x£ n — £ n x|| 2 — > 0, for all x G P. 

Let S = {m, u 2 , be a finite set of unitary operators in P. If S" n M u is finite dimensional, 

then since P n M = Cl, |Co761 Lemma 2.6] implies that after replacing S 1 with a larger set of 
unitary operators in P, we may assume that S' n M w = Cl. Thus, we can suppose that we are in 
one of the following two cases: (1) S"n Af w = Cl, or (2) S' C\M U is infinite dimensional. In either 
case, the proof of [Co76l Theorem 2.1], implication (c) =>(b), provides a non-normal S-central 
state on M . Since P is a factor, }Co76[ Lemma 2.5] implies that whenever p G P is a non-zero 
projection and S C U{pPp) is a finite set, there exists a non-normal /S-central state on pMp. 

The proof of [Co7d] Theorem 2.1], implication (b) (a), now shows that for every 5 > 0, we 
can find a projection e G Af such that r(e) = \ an d — e|| 2 ^ S, for all j G {1,2, ...,&}. 

Since 5 C W(P) is an arbitrary finite set, this implies that P' n M w 7^ Cl, providing the desired 
contradiction. 

Next, we prove that the maximal central projection e of P'n Af w such that (P'nM")e is diffuse, 
belongs to M. More precisely, we have: 

Lemma 2.7. Let (Af, r) 6e a tracial von Neumann algebra and P C pMp a i>on Neumann 
subalgebra, for a projection p G Af. Let u be a free ultrafilter on N and denote P w = P'n (pMp) u . 

Then we can find a projection e G Z(P' n pMp) n Z{PJ) such that 
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(1) P^e is completely atomic and P^e = (P' C\pMp)e. 

(2) Pu,(p — e) is diffuse. 

Proof. Let e E Z(P W ) be the maximal projection such that P^e is completely atomic. 

Let us prove that e E Z(P' HpMp). To this end, write e = (e n ) n , where e n E pMp is a projection, 
and let a be the weak limit of e n , as n — > oj. We have the following: 

Claim. Let fi, fa, —, f m £ -^ aJ - Then we can find a subsequence {k n } n ^i of N such that the 
projection / = {e kn ) n E {pMp) u satisfies / E P w and 

T w (e/) = r(a 2 ), r w (e/a) = r(a 3 ) and T u (efjf) = ^(efja), for all j E {1,2, ...,m}. 

Proof of the claim. Let {xjji^i be a ||.||2 dense sequence of (P)i and write /j = (fj >n ) n , for 
jf E {1, 2, m}. Recall that ||xje n — e n Xj||2 — >■ 0, for all i, and that e n — > a, weakly, as n — > uj. 
Therefore, for every n^lwe can find k n 1 such that 

\\xie kn - e kn Xi\\ 2 ^ ^, for all i € {1,2,.., n}, |r(e n e fc J - r(e n a)| < -, 

|T(e„e fen a) -r(e n a 2 )| ^ - and \r(e n fj n e kn ) -T(e n f jn a)\ < -, for all j E {1,2, ...,m}. 

n n 

This inequalities clearly imply that / = (e kn ) n satisfies the claim. □ 

Now, using the claim we can inductively construct a sequence of projections {/ m }m^i E P w such 
that r u (e/ m ) = r(a 2 ), T w {ef m a) = r(a 3 ) and T u {efjf m ) = T u {efja), for all j E {1,2, ...m - 1} 
and m ^ 1. But then it follows that T(efjf m ) = r(a 3 ), for all 1 ^ j < m. 

Next, for m ^ 1, let p m = e/ m . Since e belongs to the center of P u , we deduce that {p m }m^i E P^e 
are projections such that r^^Pm) = T~(a 2 ) and T u (pjp m ) = t(o 3 ), for all 1 ^ j < m. 

Finally, since P u e is completely atomic, its unit ball is compact in ||.||2- Thus we can find 
a subsequence {p mi }i^i of {p m }m^i which is convergent in ||.||2. In particular, we have that 

Pmi.||2,a) ^ 0, as /, k y oo. This implies that t(o 2 ) — t(g 3 ). Since 
^ a ^ 1, a must be a projection. Thus we have that \\e n — a.|| | = r(e n ) + r(a) — 2r(e n a) — >• 0, as 
n — > oj. Hence e = (e n ) n = a E pMp and so e E P' C\pMp. Since P^flpMp E (P' HpMp)' HpMp, 
it follows that e E Z(P' DpMp). 

Let Po = Pe. Since e E M, we have that Po is a subalgebra of eMe and Pq n (eMef = P^e is 
completely atomic. The proof of [Co76[ Lemma 2.6] then gives that Pq n {eMe) u E eMe. Thus 
P u e C eMe and hence P w e = (P' DpMp)e. This proves that e satisfies the first assertion. The 
second assertion is immediate by the maximality of e. □ 

2.4. Normalizers in crossed products by free groups. Very recently, S. Popa and S. Vaes 
have established the following remarkable dichotomy. 

Theorem 2.8. JPWij / Let ¥ n rx (N, r) be a trace preserving action of a free group on a tracial 
von Neumann algebra (N, r). Denote M = iVxF n and let A C pMp be a von Neumann subalgebra 
that is amenable relative to N, for some projection p E M. 

Then either A -<m N or Mm {A)" is amenable relative to N inside M . 

More generally, it is proven in [PV11, Theorem 1.6] that the same holds when F n is replaced by a 
group r that admits a proper cocycle into an orthogonal representation that is weakly contained 
in the regular representation. 
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2.5. Deformations of AFP algebras. Let (Mi,n) and {M21T2) be two tracial von Neumann 
algebras with a common von Neumann subalgebra B such that nm = t 2 \b- Denote by M = 
M\ *b M2 the amalgamated free product algebra (abbreviated, AFP algebra) and by r its trace 
extending t\ and T2- To present the canonical decomposition of L 2 (M), let us fix some notations: 

Notations 2.9. Let n ^ 1 

• We denote by S ri = {(1, 2, 1, ...), (2, 1, 2, ...)} the set consisting of the two alternating 
sequences of l's and 2's of length n. 

• For 1= (7,1,12,-, in) 6 S n , we denote U x = L 2 (M h B) ® B ■■■ ® B L 2 (M in Q B). 

• We also let H n = Xe5n Ui and H = L 2 (B). 

With these notations, we have L 2 (M) = ©^L % n . This decomposition easily implies the following 
lemma that will be useful in the sequel: 

Lemma 2.10. Let (M\,t\), (M 2 ,t 2 ), (M^,t^) be tracial von Neumann algebras with a common 
von Neumann subalgebra B such that t%\b = t 2\b = T 3\B- Then 

(1) We can find a B-M\ bimodule % and a M\-B bimodule fC such that, as M\-M\ bimodules, 
we have L 2 {M X * B M 2 )QL 2 (M 1 ) ^ L 2 {M l )® B U ^ /C® B L 2 (Mi). 

(2) We can find a B-B bimodule C such that L 2 (M 1 * B M 2 * B M 3 ) = L 2 (Mi)® B C® B L 2 (M 2 ) , 
as M\-M 2 bimodules. 

Let us recall from [IPP051 Section 2.2] the construction of the free malleable deformation of 
M = Mi *b M-2- Define M = M *b (B(3L(F 2 ))- Denote u\ = u ai , u 2 = u a . 2 , where a\, a 2 are 
generators of F2. Note that we can decompose M = Mi *b M2, where Mi = Mi * B (5<8>L(Z)) 
and M-2 = M2 *b (5(8)L(Z)), and the two copies of Z are the cyclic groups generated by a\ and 
02, respectively. 

Consider the unique function / : T — > (— w, it] satisfying /(exp(it)) = t, for all t £ (— tt, tt]. Then 
ct\ = f(ui) and a 2 = f[u2) are hermitian operators such that u\ = exp(zai) and u 2 = exp(ia2). 
For t£l, define the unitary elements u\ = exp(itai) and u\ = exp(ita 2 )- 

Since the restrictions of the automorphisms Ad(u^) and Ad(?4) of Mi and M2 to B are equal 
(to ids), the formulae 

t (x) = u\xu\* , for x G M%, and t (y) = u 2 yu 2 * , for y G M 2 , 

define a 1-parameter group {9t}teR automorphisms of M. 

The following is the main technical result of [IPP05]. 

Theorem 2.11. [IPP05] Let A C pMp be a von Neumann subalgebra, for a projection p G M. 
Assume that there exist c > and t > such that T(9t(u)u*) c, for all u G U(A). 

Then either A ~< M B, or Af M (A)" -< M M i; for some i G {1, 2}. 

Theorem 12.111 is formulated in a different way and proved under an additional assumption in 
[IPP05j Theorem 3.1]. For the formulation given here, see |Ho071 Section 5] and |PV 09, Theorem 
5.4]. 

Note that since t(u\) = t(u 2 ) = , we have that EM{O t (x)) = (^^-) 2n x, for all x G % n . 

Thus, if we write x G M as x = X^n>o w here x n G H n , then we have 

(2.3) r(9 t (x)x*) = r(E M {6 t (x))x*) = V(^M) 2 "||x n || 2 . 

*■ — * 7Tt 

We derive next a consequence of Theorem 12.111 that we will need in the proof of Theorem 16.31 
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Corollary 2.12. Let A C pMp be a von Neumann subalgebra, for some projection p G M. 

If A is amenable relative to M\, then either A is amenable relative to B or Af P Mp(A)" -<m M\. 

Proof. Assume that A is amenable relative to M\ . In the first part of the proof we show that either 
Ap' is amenable relative to B, for a non-zero projection pi G Z(A' (IpMp), or N p Mp{A)" <m M\. 
To do this, we follow closely the strategy of proof of [OP07, Theorem 4.9]. 

Since A is amenable relative to M\ we can find a net {£, n }nei 6 -^ 2 (p(M, eMi)p) such that 

(2.4) \\x(in ~ £n%\\2 — > 0) for all x G A, and 

(2.5) (yZ n ,t n ) ^r(y), for all y epMp. 

i 

Moreover, the proof of |OP071 Theorem 2.1] shows that £ n can be chosen such that £ n = Cn , for 

some Cn G L 1 ((M,e Ml })+- Thus, (£ n y,£n) = Tr(( n y) = (y£ n ,£ n ) -> r(y), for all y G pMp. 

Next, for t G R, we consider the automorphism at of M given by at(x) = x, for all x G Mi, and 
(*t(y) = u 2 y u 2 * , f° r an 2/ ^ Mz- Since at is an automorphism of M that leaves Mi invariant we 
can extend it to an automorphism of (M, e^) by letting «t(eMi) = ejWi- 

We also let % be the ||.||2 closure of the span of MeM 1 M = {xeM x y\x G M,y G M} and denote 
by e the orthogonal projection from L 2 ((M, e^)) onto 

Claim. Let x G A,y G M and t 6 M. Then we have 

(1) lim n \\ya t {in)\\l = T{y*ya t {p)) < \\y\\\ and lim n ||a t (£„)y||§ = r(yy*a t (p)) < 

(2) limsup n ||ye(a t (£ n ))|| 2 < ||y|| 2 . 

(3) limsup n j| a?a t (£n) - «t(^n)^||2 < 2||a t (x) - x\\ 2 . 

Proo/ o/ £/te claim. (1) Since £ n G pK and (M M)?{ _L H, by using [231 we get that 
\\ya t ^ n )\\ 2 2 = {a^{y*y)i n ^ n ) = {E M {a; x {y*y))^ n ) = 
(pE M (a t r 1 (y*y))pU,(n) — > T(pE M {at 1 {y*y))p) = r(y*ya t (p)). 
The second inequality follows similarly using the fact that (£n2/,£n) — > T {y)i f° r an V G pMp. 

(2) Since (M M)% _L % and U is a left M-module, we derive that 

\\ye(a t (Cn))\\l = (y*ye(a t (£n)),e(a t (£ n )) = (E M (y*y)e(at(£n),e(at(£n))) = 
\HE M {y*y)la t {i n ))\\l < \\E M (y*y^a t (U\\l 
On the other hand, by (1) we have that \\E M {y*y)*OL t (£ n )\\ 2 ^ \\E M (y*y)^h = \\vh- 

(3) Since \\xa t (£ n ) - a t (£n)zh < \\(x- a t (x))at(Cn)h + \\at(Cn)(x- at(x))\\ 2 + \\x^ n - ^ n x\\ 2 , the 
inequality folows by combining (1) and 12.41 □ 

Let J = (0, oo) x I. Given (t,n) G J, we denote r) t>n = «t(£n) - e («t(^n)) and <5t,n = ll^t.nlb- For 
the rest of the proof we treat two separate cases. 

Case 1 . We can find t > such that lim sup n e) tjn < . 
Case 2. For all t > we have that limsup n 5t^ n ^ 

In Case 1, fix x G U(A). Since % is a left M-module and (M M)U ±rlwe get that 

(2.6) \\E M (at(x))a t (£ n )h > \\e(E M (a t (x))a t ^ n ))\\ 2 = ||e(a f (x)e(a t (e n )))|| 2 > 

\\e(at(x)a t (€n))h ~ S t,n > \\e{ctt{£,n)at{x))\\ 2 - \\x£ n - £„x|| 2 - b~ t , n 
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On the other hand, since % is a right M-module we deduce that 

(2.7) \\e{a t {£ n )a t {x))\\ 2 = \\e(at(£ n ))a t (x)\\ 2 ^ ||a t (^ n )ai(x)|| 2 - S t>n = Unx\\ 2 - S t , n 

By combining part (1) of the Claim with equations 12.61 |2"771 12.41 and 12.51 we derive that 

(2.8) \\E M {a t {x))\\ 2 > lim \\E M (at(x))a t {U)h > 

n 

liminf(||£ n x|| 2 - \\x£ n - £ n x|| 2 - 2<5 t n ) = 

n 

||x|| 2 — 21imsup5t jn = ||p|| 2 — 21imsup<5j jn > 0, for all x€l4{A). 

n n 

Now, recall from notations 12. 91 that l?(M) = © m>1 (©xes m ^x)- Thus, we can write x = xo + 

Yl m>l xx, where xj G %%. It is easy to see that if c% denotes the number of times 2 appears in X, 

xeSm 

then E M (a t (x x )) = {^-f^ Xx . Therefore, \\E M {a t {x))\\l = [Ml + £ m>i C^) 4ci \\x X \\l 

T£S m 

On the other hand, bv 12.31 we have r(9t(x)x*) = ||xo|li + £ m >! Ctrt^ ) 2m ll a 'x[|l- Since every 
X G S'm is an alternating sequence of l's and 2's, we have that 2c% ^ m — 1. 

By combining the last three facts, we conclude that r{9t{x)x*) ^ ( s "^^ ) 2 1 1 -£?m {cut (x) ) \ \ \ , for 
every x G M. Together with 12.81 this implies that inf^g T{8 t {x)x*) > 0. 

Thus, by Theorem [2JJ] we get that either A <m M x or ^ -< M M 2 . If A -< M M 1 , then |1PP051 
Theorem 1.1] gives that either A -<m B or Nm{A)" ~<m M\. Since by Remark 12. 2\ having 
A -<m B implies that there exists a non-zero projection p' G Z(A' n pMp) such that j4j/ is 
amenable relative to -B, the conclusion follows in this case. 

Therefore, in order to finish the proof of Case 1 we only need to analyze the case when A -<m M 2 . 
By Remark 12.21 we can find a non-zero projection p' G Z{A' DpMp) such that Ap' is amenable 
relative to M 2 . By the hypothesis we have that A and thus Ap' is amenable relative to M\. 

We claim that Ap' is amenable relative to B. To this end, denote K, = L 2 {{M,eM 1 )) < S'ML 2 {{M, eM 2 ))- 
Lemma EJJ)] provides a B-B bimodule £ such that L 2 (M) ^ L 2 {Mi)® b C®bL 2 {M 2 ), as M x -M 2 
bimodules. Thus, we have the following isomorphisms of M-M bimodules 

K {L 2 {M)® Mi L 2 {M))® m {L 2 (M)®m 2 L 2 {M)) L 2 (M)® Ml L 2 (M)® M2 L 2 (M) ^ 

L 2 (M) ® Ml (X 2 (Mi ) ® B £®B L 2 (M 2 ) ) ® A f 2 X 2 (M) = 
L 2 (M)» i j£«) i jL 2 (M). 

Since ^4p' is amenable relative to both M\ and M 2 , the first part of the proof of [PV1H Propo- 
sition 2.7] implies that the p'Mp'-Ap' bimodule L 2 (p'Mp') is weakly contained in the p'Mp'-Ap' 
bimodule p'K,p' . Thus the p'Mp'-Ap' bimodule p' L 2 (M)(&b£>®bL 2 (M)p' weakly contains the 
p'Mp'-Ap' bimodule L 2 {p' Mp'). By Lemma 12.31 it follows that Ap' is amenable relative to B. 
This completes the proof of Case 1. 

In Case 2, we claim that there exists a net {rjk) in % such that — 77fcx|| 2 — > 0, for all x G A, 
limsup fc Hy^fclb ^ 2||y|| 2 , for all y G pMp, and limsup fc ||fW7fc|| 2 > 0. 

Towards this, let k = {X, Y, e) be a triple such that X C A, Y C pMp are finite sets and e > 0. 
Then we can find i > such that 

g ||p|| 2 

(2.9) 1 1 (a;) — x|| 2 < -, for all x £ X, and ||ai(p) — p|| 2 < ^ . 
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Let x £ X and y £ Y. Firstly, since rjt t n = (l—e)(at(£ n )) and x £ M we get that \\xrjt tn — T}t,n%\\2 ^ 
H^tCCn) ~~ a t(£n)#||2- This inequality together with part (3) of the Claim and 12.91 implies that 
limsup n \\xT}t,n - Vt,nxh < 2||at t (a;) - x\\ 2 < e. 

Secondly, by combining parts (1) and (2) of the Claim we get that limsup^ ||y77t |n || 2 ^ 2] [2/ 1| 2 - 

Thirdly, part (1) of the Claim gives that limsup n ||pr?t,n||2 ^ lim sup^dlpctf || 2 — ||e(cKf (^)) || 2 ) = 
||p«f(p)||2 - liminf n ||e(a t (£ n ))|| 2 . Also, since ||£„|| 2 -> ||p|| 2 we have that liminf n ||e(at(£ n ))|| 2 = 
V^|[pjl| _ limsup n pTt^Jll < -^IMb- Since [2J)| implies that ||pa t (p)|| 2 > yjj||p|| 2 , we altogether 
deduce that limsup n ||jpr/t, n || 2 > - ^)||p||2- 

The last three paragraphs imply that for some n £ I, % = Vt,n satisfies \\xrjk — %x|| 2 < e, for all 

x £ X, \\yr]k\\2 ^ 2||2/||2 + e, for all y £ Y, and ||p%|| 2 > (yg — 2 )||p||2- It is now clear that the 
net (rjk) has the desired properties. 

Finally, by the definition of H, the M-M bimodule L 2 ((M, e Ml )) QW is isomorphic to the M-M 
bimodule (L 2 (M) L 2 (M))® Ml L 2 {M) . Since M = M * B (B®L(W 2 )), Lemma EJJJ] (1) provides 
a B-M bimodule K, such that L 2 (M) L 2 (M) = L 2 (M)® B K. Thus, we have the following 
isomorphism of M-M bimodules 

L 2 ({M, e Ml )) © ^ = L 2 {M)® B {m Ml L 2 {M)). 

Since % £ L 2 ((M,ejv/i)) © %j f° r an ^, by Lemma 12.31 there is a non-zero projection p' £ 
Z(A' DpMp) such that Ap' is amenable relative to B. This finishes the proof of Case 2. 

Now, to get the conclusion, let po £ Z(A' n pMp) be the maximal projection such that Apo is 
amenable relative to B. It is easy to see that po £ M p Mp(A)' DpMp. 

Let pi = p — po- If p\ = 0, then A is amenable relative to B. If px 7^ 0, then Ap\ is amenable 
relative to M\. By the first part of the proof either Ap' is amenable relative to B, for some non-zero 
projection p' £ Z(A' HpMp)pi, or Af Pl Mp 1 (Api)" <m M\. By the maximality of po, the former 
is impossible; since M p Mp{A)p\ C M Pl Mp 1 (Api), the latter implies that M p Mp{A)" <m M\. □ 

2.6. Random walks on countable groups. We end this section with some facts from the 
theory of random walks on countable groups that we will need in Section [3l Let p and v be prob- 
ability measures on a countable group V. The support of p is the set of g £ V with p(g) 7^ 0. The 
convolution of p and v is the probability measure on V given by (p * v)(g) = Ylher t i (9h~ 1 )i / (h). 
For n ^ 1, we denote p* n = p* p* ... * p. 

v ' 

n times 

The next lemma is well-known (see for instance [Fu02[ Theorems 2.2 and 2.28]). For the reader's 
convenience, we include a proof. 

Lemma 2.13. Let T be a finitely generated group and denote by is '■ T — > N the word length 
with respect to a finite set of generators S. Let p be a probability measure on T whose support 
generates a non-amenable subgroup and contains the identity element. 

(1) Then p* n (g) -> 0, for all g£T. 

(2) Assume that S 9 er ^sioY vio) < +°°; for some p £ (0, 1]. IfS < F is a finitely generated 
nilpotent (e.g. cyclic) subgroup, then p* n (hT,k) — > 0, for all h,k £T. 

Proof. (1) Let A : T — > IA{£ 2 (T)) be the left regular representation of T. Define the operator 
T : £ 2 (T) — > £ 2 (T) by T = J2 g ^r M(y)-Mfl')- Since the support of p generates a non-amenable 
group we have that ||T|| < X^er M^) = I- 
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Denote by {S g } g ^r the canonical orthonormal basis of £ 2 (T). Then for n 1 and jGTwe have 
M* n G?) = E MM-M = (T n (5e),5 g ). 

This implies that n* n (g) ||7 1 || Tl and since ||T|| < 1, we are done. 

(2) Define the product probability space = (r N ,^ N ) together with the shift T : tt -> 

given by (Tui) n = w n +l, f° r a h w = (w n ) n G 0. Then T is an ergodic, measure preserving 
transformation of (0, v). For n ^ 1, define X n : — )• T by letting X n (w) = wiu;2---w n . Note that 
f i* n = (X n Uu). 

Further, let p G (0, 1] as in the hypothesis and define S n : Q — > [0,oo) by S n (co) = ls(X n (uj)) p . 
Since p G (0, 1], we have that (a + b) p ^ a p + If, for all a, b ^ 0. Recall that for every g,h £ T 
we have that £s(gh) ^ £s(g) +#s(h). Also we have that X n+m (to) = X n (to)X m (T n (to)), for all 
n, m ^ 1 and w G f2. By combining these three facts we deduce that 

(2.10) S n+m (uj) ^ S n (uj) + S m (T n (uj)), for all wf!] and n, m ^ 1 
Additionally, by using the hypothesis we get that 

(2.11) f Si(cj)du(cj) = [ i s {X l {uj)) p dv{uj)= [ l s (u x ) p diJi{oJx) < +oo 
Jn Jn Jr 

Since T is ergodic, equations 12.101 and 12.111 guarantee that we can apply Kingman's subadditive 
ergodic theorem. Thus, we can find a constant a G [0, oo) such that ^S n (io) —> a, for ^-almost 
every to G Vt. It follows that v({uj G £l\S n {to) > (a + — > 0, as n — > oo. 

i 

Hence, if we let f(n) = ((a + l)n)p, then G fi| ^s(X n (a;)) > /(n)}) — > 0, as n — > oo. Since 
(X n )*(zy) = fi* n , we deduce that 

(2.12) e n := ff n ({g G T| £ s (g) > f(n)}) -> 0, as n -> oo 

Now, since £ is a finitely generated nilpotent group, it has polynomial growth. Thus, we can find 
a, b > such that |{p G S| £s(g) ^ w}| ^ an h ', for all n. Denoting c = £s(/i) + £s(k), we get that 

(2.13) |{p G /iEA;| £ s ( g ) < n}| < o(n + c) b , for all n 

Recall from the proof of part (1) that fi* n (g) ^ ||^|| n ; for all g G T and n ^ 1. Combining this 
fact with EH and [533] yields that 

fi* n (hT,k) ^e n + fi* n ({g G £5(5) < /(»»)}) < 

e n + a||T|| n (/(n) + c) b , for all n > 1. 

As e n — >• 0, ||T|| < 1 and /(ra) grows polynomially in n, we conclude that fi* n (hT,k) — > 0. □ 

3. A CONJUGACY RESULT FOR SUBALGEBRAS OF AFP ALGEBRAS 

Let (Mi,Ti) and (M21T2) be two tracial von Neumann algebras with a common von Neumann 
subalgebra B such that t\\ b = t 2 \ b . Denote M = M 1 * B M 2 and let M = M * B (5®L(F 2 )). 
For i G R, we consider the automorphism 9t '■ M — )■ M defined in Section 12.111 We denote by 
{ug}g£¥ 2 C L(¥ 2 ) the canonical unitaries and consider the notations from 12.91 

In this context, we have 
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Lemma 3.1. LetZ = (ix, i 2 , .., i n ) G 5 n and J = (jx, j 2 , ••> jm) G Sm, /or some n,m ^ 1. Lei 
xi G M h QB,x 2 £ M i2 -B, x n G M in £ and y x G M jx QB,y 2 G M j2 B, ..,y m G M jm B. 
Let gx,92, ■■,g n +i,hx,h 2 , ..,h m+1 G F 2 . 

Then 

(u gi XxU g2 X 2 . ..Ug n X n Ug n+1 , yxU^Vl y m Uh m+1 ) = 

\ (xxx 2 ...x n ,yxy 2 ...y m ), ifn = m,X = J, and g k = h k Jor all k G {1,2, ..,n + 1}, and 
I 0, otherwise. 

Proof. Denote Aq = {u g } g ^ 2 \{ e y, Ax = Mx B and = M 2 £?. We say that z = zxz 2 ...z n 
is an alternating product if for all i we have that Zi G j4,, for some j G {0, 1,2} and that and 
belong to different i4 3 -'s. It is clear that t(z) = 0, for any alternating product z. 

We proceed by induction on max{n,m}. Denote by a the quantity that we want to compute. 
We have that 

01 = T ( u h m+ y m ---y*2K 2 yiu h -i gi xiUg 2 x 2 ...x n u gn+1 ) 

Assuming that a 7^ 0, let us prove that the first alternative holds. 

Firstly, we must have that gx = hx and i\ = jx, otherwise a would be the trace of an alternating 
product. Hence xx,yx G M h QB and a = T{u\ m+i y^...ylu\ 2 (ylxx)u g2 x 2 ...x n u gn+1 ). Write 
y\xx = b + z, where b G B and z G B. Since u\ m ^y* m ...y\u\ 2 zu g2 x 2 ...x n u gn ^ is an 
alternating product and b commutes with F2 we deduce that 

« = T (ut m+1 y m ---y*2U*h 2 bu g2 x 2 ...x n u gn+1 ) = {ug 2 {bx 2 )u gs ...x n Ug n+1 ,u h2 y 2 u h , i ...y m u hm+1 ) 

By induction we get that n = m, i 2 = j 2 , ...,i n = jn and that g 2 = h 2 ....g n = h n . It also follows 
that a = {bx 2 X3...x n ,y 2 y3...y n ) . Since the latter is equal to {xxx 2 ...x n ,yxy 2 ...y n }, we are done. □ 

Next, we present a crossed product decomposition of M (sec [I0O6, Remark 4.5]). Let iV be the 
subalgebra of M generated by {u g Mu*\g G F2}. Then TV is normalized by F2 = {u g } g ^ 2 . Since 
M is generated by N and F 2 , and E N (u g ) = 0, for all g G F 2 \ {e}, we conclude that M = N x F 2 , 
where F2 acts on by conjugation. 

Moreover, if S < F2 is a subgroup, then for all gx, g 2 , ...,g n +i G F2 and every xx,-.-,x n G M, we 
have that 



(3.1) E N ^(u gi xxu g2 x 2 ...u gn x n u gn+1 ] 



u gi xxUg 2 x 2 ...Ug n x n Ug n+1 , if Q\ ^ 2 • • • 5^+ 1 G S, and 
0, if gxg 2 ...g n g n+ x S. 



Note that the subalgebras {u g Mu*} g( z^ 2 of M are freely independent over B. Therefore, N is 
isomorphic to the infinite amalgamated free product algebra M *b *M *b ■■■■ If we index the 
copies of M by F2, then the action of F2 on N = M *b *M *b ■■■ is the free Bernoulli shift. 

We are now ready to state the main result of this section. 

Theorem 3.2. Let A C pMp be a von Neumann subalgebra, for some projection p G M . 

Let t G (0,1). Assume that 9t(A) N. More generally, assume that Ot(A) -K^j N xi E, where 
S = (a) is a cyclic subgroup of¥ 2 . 

Then either A -< M B or Mm {A)" Mi, for some i G {1,2}. 

Theorem 13.21 is an immediate consequence of Theorem 12.111 and the next lemma. 
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Lemma 3.3. Let t G (0, 1) and x k G (M)i be a sequence such that T(9t(xk)x* k ) — > 0. 
Then \\E N (y9 t (xk)z)\\ 2 -4 0, for every y,z G M. 

More generally, if T, is a cyclic subgroup of ¥2, then \\ENyiT,{y0t{xk)z)\\2 — > 0, for every y,z G M. 

Proof of Theorem \3.2\ If 6 t (A) -<jq N x E, then by Theorem [27TJ we can find v E M such 
that inf MgW (^) H-Ea^e^^u)^)!^ > 0. Lemma [3731 then implies that inf u ei/(X) r (^t (u)u*) > 0- 
Finally, the conclusion follows from Theorem 12.111 □ 

Proof of Lemma \3.3l Since M = N x ¥2, by Kaplansky's density theorem we may assume that 
y = u g and z = Uh, for some g,h G F2. Thus, our goal is to prove that H-Ea^xiS (^^(^/c)'"/,,) H2 — > 0. 
Let us first show that this is a consequence of the next lemma whose proof we postpone for now. 

Lemma 3.4. Fix t G (0, 1) and for n ^ 0, define c n = sup xgWn imu^i \\EN^(u g 9t(x)uh)\\2- 
Then c n — > 0, as n — >■ 00. 

Assuming Lemma [3741 let us finish the proof of Lemma [3731 Write = X1^7=o x M' with x k,n G 
Wn- By equation E7J we have that T{9 t {x k )x%) = En=oC Jl ^ 1 ) 2n \\ x k > n\\l Since T{9 t (x k )x*) -4 
and sin(7rf) > 0, we derive that \\x k n || 2 -)• 0, for all n ^ 0. 

For n ^ 1 and X = (ii, £2? ••> *n) £ 5n> we let /Cx C L 2 (M) be the closure of the linear span of 
{u hl x 1 u h2 X2.-.u hn x n u hn+1 \h 1 , ..,h n+ i G ¥ 2 ,x 1 G B,x 2 G M; 2 5, ...,x n G M in B}. 

By Lemma 13. II we have that if I G <S n and G 5 m , then /Cj _L JCj, unless n = m and I = J . 
Thus, denoting fC n = ©xes n /Cx, we have that fC n _L K m , for all n ^ m. 

By using the definition of 0t and equation [37TJ we derive that 9t(Hx) C /Cx and E^^^lCx) C /Cx- 
Since /Cx is an L(F2)-L(F2) bimodule, we deduce that EN^{u g 6t(7ix)uh) C /Cj. From this we 
get that E N ^{ug9 t {U n )u h ) C /C„, for all n ^ 1. 

Since the Hilbert spaces {/C n } n ^i are mutually orthogonal, the vectors {-EAr»£(ug#t(xfc,n) u /i)}n3:i 
are mutually orthogonal, for all A; ^ L By using this fact, the inequality H^+r/Hl ^ 2(||^||2 + 1|77|||) 
and the definition of c ra , we get that 

00 

\\ENxY,{ugQt{xk)uh)\\l < 2\\E N>> x(ug9 t (x kfi )u h )\\l + 2|| y^£ , jy )< s(%^t(3?fc,n)^fe)ll2 = 

n=l 

00 00 

'-'■n. 1 1 -^fej-n 1 1 2 • 

n=0 n=0 

Finally, let e > 0. S inc6 c n — 7" by Lemma 13. 4[ we can find tiq ^ 1 such that c n ^ £, for ctll 
n ^ no- Since II nib — > 0, for all n, we can also find fen ^ 1 such that llxwIU ^ rf-j for all 

I I 1 I I II 5 II J-jQ 

k ^ ko and all i G {1, 2, .., no — 1}. Also, note that c n sj 1, for all n. 

By using the above equation and the inequality Yl^Lno II II I ^ ll^fclli = ^ follows that 

oo 

||-BjV)«sK^(a?fc)«ft)||a < 2(n (— ) 2 + e 2 V ||x fc>n ||^) < 4e 2 , for all k ^ k . 

n=n,Q 

Since e > was arbitrary, we are done. □ 

Proof of Lemma \3.4\ For Z G S n , let cx = sup^^ N a .[| 2 _i \\EN yi Y;(u g 9t(x)uf l )\\2- Recall that % n = 
©xgS n %x- Since u g 9 t ('Hx)uh C /Cx and the Hilbert spaces {/Cx}xes n ar e mutually orthogonal by 
Lemma I3"7T1 it follows that c n = maxx6s n ox- 
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In the first part of the proof, we will find a formula for cj, for a fixed X = (ii, i 2 , i n ) £ S n . 

Recall that a\ and a 2 denote the generators of F2. Let G\ = (ai) and G 2 = (02) be the cyclic 
subgroups generated by a\ and 02- 

Let g\,h\ £ G^, g 2 , h 2 £ Gi 2 ,...,g n , h n £ Gi n . Then by Lemma I37T1 the map given by 

(3-2) V gi,h U 92M,~,9n,h n ( X l X 2--- X n) = Ug 1 X 1 U hl Ug 2 X 2 U h2 ...Ug n X n U hn , 

for all x\ £ Mjj © B,x 2 £ Mj 2 B, x n £ Mi n B extends to an isometry 

v giMmM,~,9n.,h n ■ -> L 2 (M) 

Moreover, Lemma O implies that Vg lthl) g 2) f l2l .. l g n ,h n ('Hx) J- ^^g^,..,^,^^)' unless we have 
that 51 = g[,h 1 g 2 = h'^, h 2 g 3 = •••> ^n-i5n = h[ n _ x g' n , h n = h' n . Since Gi n G 2 = {e}, this 
implies that 51 = g[, hi = h[, ...,g n = g' n , h n = h' n . 

Now, let /3i : G\ — > C and /?2 : G 2 — > C be given by /3i(gi) = T(u\u* gi ) and /3 2 (g 2 ) = t(i4m* 2 ). 
Since € L{G\) and u 2 £ L(G 2 ), we can decompose 

(3.3) Mi = E Pl(9l)ugi and 4= E ^2(52)^2 

gieGi 326G2 

where the sums converge in ||.||2- Since u* and ti 2 are unitaries, we have that 
(3-4) £ IM5i)| 2 = E \fr(92)\ 2 = l 

If x = xiX2.-.x n , for some xi £ Q B,x 2 £ Mi 2 B,...,x n £ Mi n B, then bv 13.31 we have 

u g 0t{x)u h = u g u\ x xxu\* u\ 2 x 2 u\* ...u\ n x n u\* u h = 

n ) u g u gi %l'U'hiUg 2 X 2 Ui l2 ■■■Ug n X n U} lrl U}i 

gi,hi£G il g2,h2£Gi 2 ,..,g n h n eG in 

By using equations 13.11 and 13. 2\ we further deduce that 



(3.5) E Nyi Y,{ug9t{x)u h ) = 

E Pi 1 (gi)/3i 1 (hi)/3 i2 (g 2 )(3i 2 (h 2 )...p in (g n )(3 in (h n ) u g V guhu g 2yh2 ^^ hn {x)u h . 

gi,hi&Gi 1 ,g2,h 2 &Gi 2 ,..,g n h n eG in 
ggih 1 g 2 h 2 ...g n h n h£Y, 

Since the linear span such elements x is dense in T~Lx, this formula holds for every x £ %%■ Since 
the isometries Vg 1 ,h 1 ,g 2 ,h 2 ,--,gn.,hn have mutually orthogonal ranges, formula [3.51 implies that 

\\E N ^(ugO t (x)u h )\\l = 

IN! E l^^i)! 2 !^^!)! 2 !^^)! 2 !^^)^..!^^^)! 2 !/?,^^)! 2 , 

9i,/iieGi 1 ,32,/J26Gi 2 ,...,g„/i n GGi n 
ggih 1 g 2 h 2 . . .g n h„heiZ 

for all x 6 Hi- 

Thus, 
(3-6) 

cx= E IA 1 (<?i)| 2 |/3n(^i)| 2 |A 2 (<?2)| 2 |A 2 (/ l2 )| 2 ..|A„(5n)| 2 |A n (/ i n)| 2 

gi,hi^G il ,g 2 ,h 2 &Gi 2 ,..,g n h n €G in 
ggihig 2 h 2 ...g n h n heH 
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In the second part of the proof, we use this formula for c% to conclude that c n — > 0. By 13.41 we 
can define probability measures ft and ft on F2 by letting 



(3-7) iH(g) 



\Pi(g)\ 2 , if ge G u and 
0, ifg^G l . 



Denote fj, = [i\ * [i\ * /x 2 * ft>. Then we have 
Claim. n* n (gEh) -> 0, for all g,h€ F 2 . 

Assuming the claim, let us show that c n — > 0. Firstly, the claim gives that (y%* \x* n *z^ 2 )(<7E/t) —> 0, 
for any probability measures v\ % v% on F 2 and all g, h £ F 2 . Secondly, the formula 13.61 rewrites as 

Qr = On * fti * ft 2 * Mia- * ft n * ^(g^Eh" 1 ). 
Since ii ^ i 2 ,i 2 / £3, ..,i n -l ^ *'n> we nave tnat fti * fti * ft 2 * ft 2 ~ * ft« * ft™ e {ft*^?ft*^ * 



rn-li 



fi\ * fi\ , ^2 * * 2 , Lt>2 * fi>2 * 2 * Ml * Mi}- By combining these facts it follows that c n — > 0, 
as claimed. 

Proof of the claim. Firstly, let us prove the claim in the case S = {e}. By Lemma 12.131 (1) it 
suffices to show that the support of \i generates a non-amenable group. 

Recall that u ai = exp(zai) and u\ = exp(ita\). Thus if n € Z, then 

/oon „ (n n, w< Q ,t* N.2 wu,t-n\\i , sin(7r(t-n)) 2 (sin(Trt)) 2 

(3.8) n l {a l ) = \r{u 1 u^)\ =\t(u x )| =( ^ _ ) = ^. 

Since i £ (0, 1), it follows that ft. (a™) 7^ and similarly that ft>(a 2 ) 7^ 0, for all n 6 Z. As a 
consequence the support of contains ai and a 2 , and thus generates the whole F 2 . 

In general, assume that S = (a), for some a G F 2 . Let t : F 2 — > N be the word length on 
F 2 with respect to the generating set S = {a\, a^ 1 , a 2 , a 2 }. Note that 13.81 also implies that 
ft«) = ft:(a 2 ) < |^p+T, for all ?iEZ, where C = ^^p-- 

Let p G (0, 1). Since |i + j| p ^ \i\ p + for i,j ^ 0, we get that 

E |nr(ft * ft)K) = £ K( £ ft(4)ft(ai)) < 

p2 £ wrmkv = 2C ' 2( g ^rr )( g ptt» < »■ 

Now, the support of // is {a™a 2 |m, n£Z) and £(aj ri a 2 ) = |m| + |n|, for every m, n G Z. By using 
the last inequality and the analogous one for // 2 we derive that 

E wms) = E cm + M) p (mi * mo W)0«2 * M 2 )(4) < 

E H p (ft * mi)(oi*) + E M p (^2 * ftOK) < °°. 

Since £ is a cyclic group, we can now apply Lemma 12.131 (2) to get the conclusion of the claim. 
This finishes the proof of the lemma. □ 
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4. Relative amenability and subalgebras of AFP algebras, I 

Assume the notations from Sections 12.51 and 151 Thus, (Mx,tx), [M^^t^) are tracial von Neumann 
algebras, M = M 1 * B M 2 , M = M * B (B®L(F 2 )) and N = {u g Mu* g \g E F 2 }". 

Our goal in the next two sections is to understand what subalgebras A C M have the property 
that 0t(A) is amenable relative to N, for some (or all) t E (0, 1). 

We start by considering the case A = M. 

Theorem 4.1. Suppose that M = M\ *b M 2 is a factor and let p E M be a projection. 
If OtipMp) is amenable relative to N inside M, for some t E (0,1), then either 

(1) M\p\ is amenable relative to B inside M\, for some non-zero projection p\ E Z(M\), or 

(2) M 2 p 2 is amenable relative to B inside M 2 , for some non-zero projection p 2 E Z{M 2 ). 

In particular, if B is amenable and M\,M 2 have no amenable direct summands, then OtipMp) 
is not amenable relative N, for any t E (0, 1). It would be interesting to determine whether the 
conclusion of Theorem 14,11 can be strengthened to "M is amenable relative to B" . 

In preparation for the proof of Theorem 14.11 we establish a useful decomposition of the M-M 
bimodule L 2 ((M, e N )). Note that u g Mu* C N, for all g E F 2 . Equivalently, [u g e N u* g , M] = 0, for 
every g E ¥ 2 . Therefore, L 2 ((M , ejy)) contains an infinite direct sum of trivial M-M bimodules: 

H= L\M)u g e N u* g . 
If we let U 2 = L 2 ({M, ejv)) H, then we have the following 

Lemma 4.2. There is a B-M bimodule K such that H 2 = L 2 (M)<^b^, a s M-M bimodules. 

Proof. Since M = N x ¥ 2 , we have that 

L 2 ((M,e N })= L 2 {N)u g e N u* h . 

g,he¥ 2 

For g E ¥ 2 , let a g be the automorphism of N given by o~ g (x) = u g xu*, for x E N. Then the N-N 
bimodule L 2 {N)u g eNU* h is isomorphic to L 2 (N) endowed with the N-N bimodule structure given 
by x ■ £ • y = x^o- gh -i(y), for all x,y E N and £ E L 2 (N). For simplicity, we denote this bimodule 
by N L 2 (N) agh „ l[N) . 

Next, we define the M-M bimodules C = L 2 (N) Q L 2 (M) and C g = M L 2 {N) ag{M) . The first 
paragraph implies that H 2 = ©^ x (£ © ©geF 2 \{e} ^s)> as M-M bimodules. 

Now, denote P = {\J k&2 \ [e} u k Mu* k )" and P g = (U teFA{eij} ^M^)", for g E F 2 \ {e}. Then 
N = M *b P and N = M *b o~ g (M) *b Pg- By using Lemma \2. 101 we can find a B-M bimodule 
C! and a B-a g (M) bimodule C' g such that C = L 2 {M)® B C-' and C g = L 2 {M)® B C g , for all 
9 G F 2 \ {e}. In combination with the last paragraph this yields the conclusion. □ 

In the proof of Theorem 14.11 we will also need a technical result showing that for t E (0, 1), the 
angle between the Hilbert spaces u\Hu\* and u^Hu^ is positive. 

Lemma 4.3. Let t E (0,1) and u\,u 2 E L(¥ 2 ) be the unitaries defined in Section \2.5[ For 
i E {1,2}, we denote by Pi the orthogonal projection from L 2 {(M,ei^}) onto Ci = ufHu* . 

Then \\PiP 2 \\ < 1. 
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Proof. Let S = P\\c 2 '■ £-2 — > C\. Since H-P1-P2II = 115*11 it suffices to prove that ||5|| < 1. We will 
achieve this by identifying S with the inflation of a certain contraction from L{¥%). 

Given g G F2, let a g = \t(u\ u\u* g )\ 2 . Note that X^ g eF 2 a 9 = ^ ^ we define the operator 
T = Yl g eF 2 a g^(d) e ^(¥2), then it is clear that ||T|| ^ 1. 

We claim that ||T|| < 1. To see this, recall that a\ and a 2 are generators of F2. By using the same 

calculation as in UTS we get that u\ = Y^nez ^Jt-^ Ua " and u 2 = Snez "ffit-n"^ u "% ■ lt 
follows that a g / if and only if g G {a^a^ \m, n G Z}. Thus, the support of a generates the whole 
F2. Since F2 is non-amenable and a g ^ 0, for all g G F 2 , we deduce that ||T|| < X^eF 2 a 9 = 

Next, for i G {1,2}, we define the unitary operator Ui : L 2 (M)c|>^ 2 (F 2 ) — > L% given by 

Ui(£ <g) S g ) = u\u g £e N u* g ul*, for £gL 2 (M) and g G F 2 . 

Let <?, h G F 2 . Since u^u^u^Ug G L(F 2 ), we get that £ , jv(«^i*« 2 %) = r(M£«i*t4%)l- Thus, for 
every £,77 G L 2 (M) we get that 

{U*SU 2 ((,®5g),r]®5 h ) = {P 1 (u t 2Ug^e N u*u t 2*),u\u h r]e N u* h u t 1 *) = 

{u 2 u g £e N u g u 2 * ,u\u h rje N u* h u\*} = \r{u* h v!{u\u g )\ 2 {^ri) = 
<Xhg-i(£,v) = ((l®r)(^®ff fl ),7/®ff fc ). 
Therefore, 5 = E/i(l <g) T)Z7| and since ||T|| < 1 we get that ||5|| < 1. □ 

Proof of Theorem \4-l\ Assume that 9t(pMp) is amenable relative to N, for some non-zero 
projection p G M. Since M is a Hi factor it follows that 6t(M) is amenable relative to ./V (see 
Remark |2~"2|) . By [OP07j Definition 2.2] we can find a net of vectors £ n G L 2 ((M, ejv}) such that 
) -)• r(x), for all x G M, and ||y£ n - £ n y|| 2 ->• 0, for all y G 6> t (M). 

We denote £i )n = u**£ n ti^ and £2,™ = ?4 £ n ii 2 - Since 9t(y) = u\yu l * , for all y G Mj and i G {1,2}, 
we derive that 

(4.1) \\y£ 1>n - ^ n y\\ 0, for all y G Mi, and ||y£ 2 ,n - &, n y\\ -> 0, for all y G M 2 . 
We also clearly have that 

(4.2) (z£L,n,£i,n) ->■ r(s) and (x&.rc, 6,n) ->■ t(x), for all xGM 

Denote by e and / the orthogonal projections from L 2 ((M, ejv}) onto % 2 = L 2 ((M, e^v)) 0% and 
onto % = © gg F 2 -^ 2 (M)it g eAr?j*, respectively. Since e + / = 1, we are in one of the following three 
cases: 

Case 1. limsup n [|e(£i )fl )[| 2 > 0. 
Case 2. limsup n ||e£ 2jn )|| 2 > 0. 

Case 3. ||6,n - f(Si, n )h and H6,n " ffa, n )h °- 

In Case 1, since H 2 is a M-M bimodule, equations 14.21 and 14.11 imply that limsup n ||xe(£i jn )|| 2 ^ 
||x|| 2 , for all x G M, and ||ye(£i jn ) - e(£i jn )y|| 2 — > 0, for all y G Ml. 

We claim that there is a 5-Mi bimodule /C 2 such that % 2 = -L 2 (Mi)<g>£/C 2 , as M1-M1 bimodules. 
Assume for now that the claim holds. Then, since limsup n ||e(£i jn )|| 2 > 0, Lemma 12.31 implies 
that M\p\ is amenable relative to B inside Mi, for some non-zero projection pi G Z (Ml). 

Now, let us justify the claim. Firstly, Lemma 14.21 provides a B-M bimodule K. such that H 2 = 
L 2 (M)<g> s /C, as M-M bimodules. Since M = Mi M2, by Lemma 12.101 we can find a B-M\ 



22 



ADRIAN IOANA 



bimodule K\ such that L 2 (M) = L 2 (Mi)(g> B /Ci, as Mi- Mi bimodules. Finally, it is clear that 
the B-Mi bimodule JC 2 = K.i® B K. satisfies H 2 = L 2 (M 1 )® B K, 2 , as M x -M x bimodules. 

Similarly, in Case 2, we get that M2P2 is amenable relative to B, for a non-zero projection 
p 2 G Z(M 2 ). 

Finally, let us show that Case 3 is impossible. Indeed, in this case we would have that ||£ n — 
u if(£i,n) u i II2 — > and ||£ n — u 2 f(£2,n) u 2 II2 ~~ > 0- Now, as in Lemma B~31 for i G {1,2}, we let 
Pi be the orthogonal projection from L 2 ((M,e7v)) onto Ci = ufHuf . Since u\f{^ n )u\ G Ci, we 
deduce that ||£ n - Pi(£„)|| 2 -»• and ||£ n - P 2 (£n) || 2 -> 0. 

Thus, ||£ n - PiP 2 (£n)h -> 0. On the other hand, Lemma PI shows that ||PiP 2 || < 1- By 
combining these two facts we derive that ||£n||2 —> 0, which is a contradiction. □ 

We end this section by noticing that Theorem 14.11 yields a particular case of Theorem 11.11 

Proof of Theorem li.il in the case Ti and T 2 are non- amenable, and A is amenable. Therefore, 
let T rx (X, n) be a free ergodic pmp action of T = Fi *a T 2 . Recall that n^gfjAg" 1 is finite, for 
some gi,g2,...,g n G T, and denote M = L°°(X) x T. 

We claim that any Cartan subalgebra A of M is unitarily conjugate to L°°(X). To this end, 
notice that M = M\ *b M 2 , where Mi = L°°(X) x Ti, M 2 = L°°{X) x T 2 and B = L°°(X) x A. 
Let M, {9t}teR C Aut(M) and N be defined as above. 

Let t G (0, 1). Since M = N x F 2 , by applying Theorem ESI to 9 t (A) C M we have that either 
0t(A) N or 9t(M) is amenable relative to inside M. 

In the first case, Theorem 13.21 gives that either A -<m B = L°°(X) x A or M -<m Mi, for some 
i G {1,2}. If the first condition holds, then since M is a factor, [HPV10, Proposition 8] implies 
that A -< M L°°{X) x (nf =1 ftA& r1 )- Thus, A -< M L°°{X) and [PoTUl Theorem A.l] gives that 
A and L°°(X) are indeed unitarily conjugate. On the other hand, the second condition cannot 
hold true. To see this, let g\ G T\ \ A and g 2 G T 2 \ A. Then the unitary -u = u gi92 satisfies 
||£ , Af i (^ , u n 2/)||2 — > 0, for every x,y G M. 

In the second case, Theorem 14. 1 1 implies that MiPi is amenable relative to B for some G Z(Mi) 
and some i G {1,2}. Since is amenable, this would imply that MiPi is amenable. Since 
L(Ti) C Mj and Tj is non-amenable, this case is impossible. □ 

5. Relative amenability and subalgebras of AFP algebras, II 

Let (Mi,T\) and (M 2 ,t 2 ) be two tracial von Neumann algebras. Following the notations from 
Sections 1231 and 131 we denote M = M 1 * B M 2 , M = M* B (B®L(F 2 )) and N = {u g Mu*\g G F 2 }". 

In this section we prove two structural results for subalgebras A C M with the property that 
0t{A) is amenable relative to N , for any t G (0, 1). Firstly, we show: 

Theorem 5.1. Let A C pMp be a von Neumann subalgebra, for some projection p G M. Let oj 
be a free ultrafilter on N and suppose that A 1 n (pMp)^ = Cp. 

Lf 9t(A) is amenable relative to N inside M, for any t G (0, 1), then either 

(1) A^ M Mi, for some i G {1,2}, or 

(2) A is amenable relative to B inside M . 

It seems to us that this theorem should hold without assuming that A' n {pMp) u = Cp, but we 
were unable to prove this. This assumption is verified for instance if A = M and M is a IR factor 
without property T. By [CH08, Corollary 3.2] if B is amenable and M\ is a IR factor without 
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property T, then M = Mi *b M2 is a Hi factor which does not have property F. In the next 
section we will see more situations in which the above assumption holds. 

Nevertheless, the condition i'n(pMp) u = C is not satisfied in other situations to which we would 
like to apply Theorem 15. 11 For instance, let r = Ti * T2 be a free product group and T rx (X, p) 
be a free ergodic but not strongly ergodic action. Then the amalgamated free product Hi factor 
M = L°°(X) x r = (L°°(X) x ri) (L°°(X) x r 2 ) has property T. 

In order to treat such situations, we prove the following variant of Theorem 15.11 

Theorem 5.2. In the above setting, assume that we can decompose B = P®Qq, M\ = P®Q\ and 
M2 = P0Q2, for some tracial von Neumann algebras P,Qo,Qi an d Q2- Note that M = P®Q, 
where Q = Qi *q Q2- 

Let A C M be a von Neumann subalgebra. Suppose that there exist a subgroup U C U{P) and a 
homomorphism p : U — > U{Q) such that 

• u ® p(u) G A, for all u £ U, and 

• the von Neumann subalgebra Aq C Q generated by {p(u)\u £ U\ satisfies A' Q n Q u = C. 
If 9t(A) is amenable relative to N inside M, for any t G (0, 1), then either 

(1) ^0 ~<Q Qi, for some i G {1,2}, or 

(2) Aq is amenable relative to Qq inside Q. 

In the rest of this section, we first prove Theorem 15.11 and then use it to deduce Theorem 15.21 

Proof of Theorem I5.il Suppose by contradiction that conditions (1) and (2) fail. Recall that 
n = geF2 L 2 (M)u g e N u* g and U 2 = L 2 ((M, e N )) Q H. We also define: 

n o = Cu 9 e NU* g , and U\ = (L 2 (M) C)u g e N u* g . 

ge¥ 2 g&2 

Note that L 2 ({M,e N )) = Hq © Hi %2- For j G {0,1,2}, we denote by ej the orthogonal 
projection from L 2 ((M,epf)) onto pTLjp. 

We denote by / the set of 4-tuples i = (X, Y, 5, t) where X C M and Y C U(A) are finite subsets, 
5 G (0, 1) and t G (0, 1). We make I a directed set by letting: (X,Y,5,t) ^ (X' , Y' , 6', f) if and 
only if X CX',Y C Y', 5' < 6 and if < t. 

Let i = (X, Y, 5, t) G I. Since t (A) is amenable relative to N inside M, by [OP071 Definition 2.2] 
we can find a vector £j G L 2 ((M, ejv)) such that 

— T {x)\ ^ 5, for all x G X, 

\((0t(y) - y)*(0t(y) - y)Zi,Zi) - r((0 t (y) - y)*(0 t (y) - y))\ < 5 and 

\\0t(v)ti-&0t(y)h^8, for ally 6 7. 

1 

Moreover, following the proof of [OP07, Theorem 2.1] we may assume that £j = C 2 , for some 

d G L 1 ({M,e N )) + . Thus, (x^,^) = Tr(xd) = for all x G M and i G J. 

The first part of the proof consists of three claims. 

Claim 1. We have that — > t(x), for all x G M, and — — > 0, for all y G ZY(^4). 

Proof of Claim 1. The first assertion is clear. To prove the second assertion, let i = (X, Y, 6,t) £ I 
and y £Y. Then we have 
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\\(0t(y) - y)&||| = ((Ot(y) - y)*(9 t (y) - v)d, 6)0 + \\e t ( y ) - yg. 

Similarly, we have that \\^i(6t(y) — 2/) 1 1 2 ^ ^ + Wt{y) — Z/|||- By combining these inequalities we 
deduce that 

[|y& - toh < \\0t(v)Si - m(y)h + Wt{y) - y)iih + WM ~ v)h < 

5 + 2^5 + \\e t (y)-y\\l. 

Since \\9t(y) — J/ 1 1 2 — > 0, as t — > 0, it follows that ||y£, — &2/H2 — > 0. □ 

For i G /, we denote Ci = P&P G pL 2 ((M,eN))p- Note that ej(£j) = ej(Ci), f° r an i S {0, 1,2}. 
Claim 2. ||£- eo (&)|| 2 ^0. 

Proof of Claim 2. Since eo(C) + ei(C) + 62(C) = C> f° r every £ G pL 2 ((M, e]y))p, it suffices to show 
that ||ei(Ci)|| 2 -»• and ||e 2 (Ci)|| 2 -> 0. 

Note first that pHip = ® g ^, 2 {L 2 (pMp) Q Cp)u g eNU* g is invariant under the map £ — )• for 
every y G U{pMp). Thus, we have that ei(y^y*) = ye\{^i)y* and further that 

(5.1) be! (Ci)y* - ei(Ci)[| 2 = ||yei(&)y* - ei(6)|| 2 = lk(y&y* - £i)[| 2 < 

llv&V* - &II2 0, for all 2/ G U(A). 

On the other hand, since ^4' n {pMp)^ = Cp, Theorem 12.51 implies that we can find F C U{A) 
finite and d > such that d||C||! < jZ y eF WvCv* ~ Clla> for a11 C G L 2 (pMp) Q Cp. This implies 
that 

(5.2) d[|C||l < ^ \\y(y* - (\& for all C e P^iP- 
The combination of 15.11 and !5.2l gives that ||ei (Ci) [I2 - ^ 0, as claimed. 

Next, since p%2P is a pMp-pMp bimodule, e 2 is pMp-pMp bimodular and therefore we have that 
limsup ||xe 2 (Ci)||2 = limsup ||xe 2 (^)|| 2 = limsup ||e 2 (x^)|| 2 ^ limsup ||x^|| 2 = 

i i i i 

lim sup y (x*x£i,£i) = ||x|| 2 , for all x G M 

i 

and that ||ye 2 (0) - e 2 (C;)y|| 2 = ||e 2 (y£i ~ &2/)l|2 ^ ~ &2/II2 ->■ 0, for all y G U(A). 

Now, recall that Lemma 14.21 shows that % 2 — L 2 (M)0b^, for some 5-M bimodule /C. Thus, if 
limsupj ||e 2 (Ci)||2 > 0, then by Lemma [231 we could find a non-zero projection z G Z(A' HpMp) 
such that t4z is amenable relative to B inside M. Since A 1 PipMp = C, this would imply that A 
is amenable relative to B inside M, leading to a contradiction. □ 

Before proving our third claim, let us state two lemmas whose proofs we postpone for now. 
Denote by A : F2 — > £/(£ 2 (F 2 )) the left regular representation of F 2 . Then we have 

Lemma 5.3. Define the unitary operator U : T-Lq — > ^ 2 (F 2 ) given by U(u g e]\fU*) = 5 g , for g G F 2 . 

If n G Ho and y G M , then 

HOT- Will = E \\K9)(U(n)) -U(n)\\ 2 \\E N (yu* g )\\ 2 . 

Lemma 5.4. There exists c > such that if two elements g, h G F 2 satisfy \\X(g)(rj) — 77 ] | ^ c\\n\\ 
and \\\(h)(r}) — rj\\ ^ c||?7|| ; for some non-zero vector n G £ 2 (F 2 ) ; then g and h commute. 
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Going back to the proof of Theorem 15.11 recall that Claim 2 yields that \\Q — eo(Ci) II2 — > 0. 
Moreover, Claim 1 gives that HGII2 — > \\p\\2 and that — £ip\\ 2 — > 0. 

Thus, we can find i = (X, Y, 5,t) £ I such that for every i' ^ % we have that 

II/- (/■ Ml / ■ r C HPll2 IIpIU-i i|> II ^ IHb j II t c II / MMk 

||Ci'-eo(Ci')ll2 < min T-^~'^p}' IIC*' lb > and - &'_p|| 2 < 

Note that ||p0t(y)p|| a > |b|| 2 - 2\\6 t (p) - p\\ 2 , for all y € U(pMp). Since lim t ^ || #t(p) -p||a = 0, 
after eventually shrinking t, we may also assume that 

(5.3) \\ p t ( y ) p \\ 2> kk i for all y£ U( p Mp) 

Now, let i' ^ i. Then 1 1 eo (C-i' ) 1 1 2 ^ •U^p. Since eo(Ci') G P%o 5 we can write eo(Ci') = Vi'P = PVi'i 
for some r^i G %o- Then ||7fo>||2 = ^"^j^ 2 and therefore ||?7i'||2 ^ \- 

Also, we have that [|^/ — Ci'Plb = \\p£,i'P — £i'P|| 2 ^ \\p£i' ~ Ci'Plb ^ g4 and similarly that 
||Ci' ~~ P&'lk ^ ^64^' usm S these inequalities we derive the following 

Claim 3. For every finite set F C U(A) we can find a unit vector r\ G Hq depending on F such 
that 

\\(p&t(y)p)v - v(p0t(y)p)h ^ > for all y £ F. 

Proof of Claim 3. Let i' = (X, Y U F, i, min{5, *}) and define 77 := G H - 

Let y G F. By the definition of £j/ we have that \\0t(y)£i> — ii'0t{y)\\ 2 ^ ^4 2 ■ Since i' ^ i, by 
using the previous inequalities we derive that 

(5.4) \\(p9t(y)p)v ~ V(p0t(y)p)h = ^VlKG/)eo(Ci') - e ((i>)e t (y)ph < 

4||p0 t (y)fr - Ci'^(y)p|| 2 + 8||C*' - e (Ci')ll2 

Additionally, we have that 

(5.5) \\p8 t (v)Q - dMv)ph ( \\ptt(v)(i'P-p(i'Wy)ph + Kt-d'Ph + llfr -Pith < 

ll«.(»)fr-&«.(*)|. + ^<^. 

Since — eo(Ci') II2 ^ ^12% > by combining equations 15.41 and 15.51 the claim follows. □ 

In the second part of the proof we combine Lemmas 15.31 15.41 and Claim 3 to get a contradiction. 
Since A -^m Mi, for all i G {1,2}, Theorem 13.21 implies that 9t(A) 7^ A and moreover that 
9t{A) -/{ m N x E, for any cyclic subgroup S < F 2 . 

Thus, we can find y eU(A) such that \\E N (p9 t (y)p)\\ 2 < ^p. If we write p9 t (y)p = X^eF 2 !te%> 
where y 9 G A, then ||y e ||2 ^ IMs.. By applying Claim 3 to F = {y} we can find a unit vector 
•q G ^0 such that ||(p0 t (lOp)»7 " »7(P^t(l/)p)ll2 < ^f^- 

Let 5i = {3 G W 2 \\\\{g){U{rj)) - U{ V )\\ > c] and S 2 = {g G F 2 \ {e}|||A(g)(?7(7/)) - < c}. 

By using Lemma 15.31 we get that 

^jf^ ^ Il(pe t (y)p)i7-i7(pe t (»)j')lll = E H A (5)(^W) - um 2 ^ > 

ge¥ 2 
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c 2 £ \\y 9 \\t 



9 es 



Hence, we derive that 

(5-6) £ \\y g \\i = \\y e \\l+Y,\\y 9 \\2<^ + ^ = ^- 

geSiU{e} ge5i 

Since Z g eF 2 \\Vg\\l = \\P 6 t{y)pf 2 > ^ by equation we get that S 2 = F 2 \ (5i U {e}) / 0. 
On the other hand, by Lemma 15.41 any two elements g,h G S 2 commute. If follows that we can 
find k G F 2 \ {e} such that S* 2 C E, where E = {fe n |n G Z}. Moreover, we can pick fc such that if 
fc' G F 2 commutes with k m , for some m G Z \ {0}, then fe' G E. 

Further, since #t(.A) 7^ iV x E, we can find 2 G such that \\En y,Y,(p6 t (z)p)\\ 2 ^ JMi. Since 

y,z G U(A), by applying Claim 3 to F = {y, we can find a unit vector £ G Ho such that 

IKpWpX - C(p0t(y) P )h < ^ and ||(p0 t (*)p)C " C(pftWp)l|2 < 

Let Ti = {5 G F 2 \\\\(g)(U(()) - U(()\\ > c} and T 2 = {g G F 2 \ {e}|||A( 5 )(C/(C)) - £/(C)ll ^ c}. 
Write p6t(z)p = Ylg&¥ 2 z 9%> where % G -W- The same calculation as above then shows that 

(5-7) EMl^ and £ | W » < M 

9£Ti ' geTi 
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3ll 

By combining inequalities 15.61 and 15.71 it follows that X)ge7iU(SiU{e}) lll/slll ^ ve 2 • Since we also 

have that Z g e¥ 2 WVgWl = \\pHv)p\\1 > JJ f i , we get that T x U S 1 U {e} / F 2 . Hence S 2 D T 2 / 0. 

Fix A;' G S" 2 H T 2 . If A;" G T 2 , then Lemma 15.41 implies that k" commutes with k' . Since k' G S 2 C 
E \ {e}, we get that k" G E and therefore T 2 C E. 

Thus,T 2 U{e} C Sandso^ 96T2U{e} ||z 9 ||2 < \\E N ^{p9 t (z)p)\\ 2 2 < Since TiUr 2 U{e} = F 2 , 

II ||2 

combining this inequality with 15.71 yields that X^eF 2 11% Hi ^ {$■ This however contradicts the 
fact that ||p^(^)p|| 2 ^ -^2^ an d finishes the proof. □ 
Proof of Lemma\5?M Write r\ = ^ g&2 r] g u g e N u*, where ?7 9 G C, and y = Y,ke¥ 2 Vk u k, where 
y£, G N. Recall that the canonical semi-finite trace on (M, e/v) is given by Tr(xe]yy) = r(xy). If 
we denote by {a g ) g& ¥ 2 the conjugation action of F 2 on N (i.e., cr g (x) = u g xu*), then we have 

(yrj,r]y) = £ (ykUkri g Uge N u g ,rj h u h e N u* h yiui) = 

g,h,k,le¥ 2 

£ i]grfhTr(y k u k u g e N u*Uiy*u h e N u* h ) = 

g,h,k,l& 2 

^2 7 lgVh T ( E N{u* h ykUkUg)E N (u* g u* l y^u h )). 
g,h,k,l& 2 

If g, k are fixed and the expression r(Eis[(u^y k u k Ug)E}^(ugU*yiUh)) is non-zero, then h = gk and 
I = k. Moreover, in this case this expression is equal to T(ot kg yi(yk)o-( kg yi(y^)) = ||yfc|| 2 . Thus, 
we deduce that 

(yV,VV)= Yl Vg^\\Vk\\2 = ^(^yk- 1 g f h)\\yk\\2 = 

g,k&¥ 2 k&¥ 2 g&¥ 2 
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fc£F 2 



(X(k)(U(v))Mv)) \\E N (yu* k )\\l 



Since we also have that 1 1 3/*7 1 1 2 = Hwlk = HZ/H2IMI2, the lemma follows. □ 

Proof of Lemma \5.4\ Let a and b be generators of F2. Since F2 is non-amenable, there exists 
c > any non-zero vector 77 G ^ 2 (F 2 ) satisfies ||A(a)(r/) — r/|| 2 + ||A(6)(^) — rj\\ 2 > 2c 2 ||r/|| 2 . 

Now, let g,h €¥2 such that ||A(g)(r?) — rj\\ ^ c\\rj\\ and ||A(/i)(r/) — r/|| ^ c\\rj\\, for some non-zero 
vector 77 G ^ 2 (F2). From this we get that \\\(g)(r/) — r/|| 2 + \\X(h)(r]) — r/|| 2 ^ 2c 2 ||r/|| 2 . 

Let A < F2 be the subgroup generated by g and h, and 7 : A — > U(£ 2 (A)) be the its left 
regular representation. Since F2 = U 9g sA<7, for a set S of representatives, the restriction A|a is 
a subrepresentation of ©^7 : A — > U (ffi^L^ 2 (A)) . If we write rj = (rj n )^ =1 , where rj n G ^ 2 (A), 
then we can find n such that ||7(g)(r/n) — r/ n \\ 2 + llT^X^n) — ^n|| 2 ^ 2c 2 ||7y n || 2 and rj n ^ 0. 

If g and /i do not commute, then they generate a copy of F2. In other words, there exists an 
isomorphism p : A — > ¥2 such that p(g) = a and p(h) = b. In combination with the above, this 
leads to a contradiction. □ 



Proof of Theorem\5M Recall that B = P®Q , M 1 = P®Qi and M 2 = P®Q 2 - Therefore, 
M = P®Q, where Q = Qi * Qo Q 2 . Also, recall that M = M * B (B®L(F 2 )) and that N = 
{u g e M u* g \g G F 2 }". We define Q = Q * Qq {Q ®L(¥ 2 )) and N = {u g Qu* g \g G F 2 }" C Q. Note 
that M = P®Q and that N = P®N . 

We denote by {ott}teM. C Aut(Q) the free malleable deformation associated to the AFP decom- 
position Q = Qi *q Q2 (see Section I2.1ip . Then for every x G P and y G Q we have that 

0t(x y) = x <g> at(y). 

Let i G (0, 1). We claim that at(Ao) is amenable relative to Nq inside Q. Once this claim is 
proven the conclusion follows by applying Theorem 15. II to the inclusion Aq C Q = Qi *q Q2- 

Since 6t(A) is amenable relative to N inside M, by [QP071 Definition 2.2] we can find a 9t(A)- 
central state $ : (M, ejy) — > C such that = r. 

Since M = P®Q and that N = P®N$, we have that {M,ejsr) = -P<8>(Q, ejv )- Define a state 
* : (Q,e No ) -> C by *(T) = $(1 (8) T) and let u G W. Since u 8) G A we have that 
u ® at(p(u)) = 6 t {u ® G 0t(A). Thus for every T G (Q, eAr ) we have that 

^(a t {p{u))Ta t {p{u)T) = <S>{\ ® a t {p{u))Ta t {p{u)y) = 

® atOo(u))(l T)(u a t (p(¥))*) = $(1 ® T) = (T). 

Thus, ^ r (at(/9('u))T) = &(Tat(p(u)), for every u £ U and T G (Q, ejv ). Since {a$(p(tt))|ti G 
generates a((>lo) and = r, we get that \& is c^(Ao)-central. Thus at(Ao) is amenable relative 

to Nq inside Q. This proves the claim and finishes the proof. □ 



6. Property r for subalgebras of AFP algebras 

Let Q be a von Neumann subalgebra of an amalgamated free product algebra M = M\ *b M 2 . 
In this section we study the position of the relative commutant Q' D inside M u . We start by 
considering the case Q = M. 
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Lemma 6.1. Let (Mi,ti) and (M2,T2) be tracial von Neumann algebras with a common von 
Neumann subalgebra B such that ti\b = T2\b- Denote M = M\ *b M2. Assume that there exist 
unitary elements u G Mi and v,w G M2 such that Eb{u) = Eb(v) = Eb(w) = Eb(w*v) = 0. 

Ifuisa free ultrafilter on N, then M' n M w C . 

In the case B = CI this result was proved in [Ba951 Theorem 11]. The proof of Theorem 16. II is a 
straightforward adaptation of the proof of |Ba95l Theorem 11] to the case when B is arbitrary. 

Proof. We denote by S\ C M the set of alternating words in M\ B and M2 © B that begin 
in Mi Q B. Concretely, x € Si if we can write x = x\x%...x n , for some x\ G M\ Q B,X2 G 
M2 B, X3 G Mi B.... Similarly, we denote by S2 C M the set of alternating words in Mi B 
and M 2 B that begin in M 2 B. For i G {1, 2}, we denote by Hi C L 2 (M) the ||.|| 2 closure of 
the linear span of Si and by Pj the orthogonal projection onto 

Note that if x G Mi B and y G M 2 5, then x% 2 x* C Hi and y%iy* C The hypothesis 
therefore implies that 

(6.1) UH2U* C Hi, vH\v* C H2, wHiw* C % 2 and vH\v* _L wH\w* 

The last fact holds because (w* v)H\(w* v)* C % 2 and hence _L H\. 

Now, let £ G L 2 {M). Notice that if Pjc is the orthogonal projection onto a closed subspace /C C 
L 2 (M) and u G W(M), then P uX ; u *(£) = uP,e(u*£u)u* and therefore ||P^cu.(OI|a = ||flc(«*f«)||2. 
By combining this fact with equation 16.11 we get that 

(6.2) ||P 2 (u*^)|| 2 < HP^OIb and \\Pi(v*£v)f 2 + \\Pi(w^w)\\ 2 < 

Let x = (x n ) n G M' n M w . Then — x n || 2 , — x n || 2 , \\w*x n w — x n || 2 — >• 0, as n — > ui. 

Using this fact and applying 16.21 to £ = x n we get that lim,!-^ ||P 2 (£n)||2 ^ limn-^ ||Pi(aJ n )||2 
and ^lim n _>. u ||Pi(x n )|| 2 ^ lim^^ ||P 2 (;c n )||2. Therefore, we have that ||Pi(x n )|| 2 -> and 
H-FbOcrOlh 0, as n -> w. 

Since L 2 (M) = L 2 (B)®Hi®H 2 , it follows that lim n _^ ||x n -£ , B (3; n )||2 = and thus x G □ 

Lemma 16. 1 1 implies that a large class of AFP groups give rise to Hi factors without property T. 

Corollary 6.2. Let V = Ti *\ T2 be an amalgamated free product group such that \Ti : A] ^ 2 
and [r 2 : A] ^ 3. Assume that there exist gi,g2, ■■■,g m G T such that n^^Ag" 1 = {e}. 

Then L(T) is a II\ factor without property Y. 

Moreover, T is not inner amenable, i.e. the unitary representation n : T — > U(£ 2 (T \ {e})) given 
by ir(g)(5h) = dghg- 1 ! f or 9 G T and h G T \ {e}, does not have almost invariant vectors. 

Proof. Let x = (x n ) n G L(T)' n L(r) w . Firstly, by Lemma0we get that x G L(A) W . 

Secondly, for i G {l,2,...,m}, denote by Ei the conditional expectation onto L^Ag^ 1 ). Then 
Ei(x) = u gi E L ^(u*.xu gi )u*., for every x G L(F). Since (x n ) n G L(T)' n L(A) U it follows that 
\\Ei(x n ) — x n \\2 — > 0, as n — > uj, for every i G {1, 2, m}. 

On the other hand, since n^^Ag^ 1 = {e}, we derive that E\E2-..E m {x) = r(x)l, for all 
x G L(T). Altogether, it follows that ||r(x n )l — x n \\2 — > 0, as n — > ui, i.e. (x n ) n G CI. 

We leave it the reader to modify the above proof to show that V is indeed non-inner amenable. □ 

Next, we show that if a von Neumann subalgebra Q C M = Mi *b M2 is "large" (i.e. if 
conditions (2) and (3) below are not satisfied) then a corner of Q 1 n M w embeds into B w . Thus, 
the phenomenon from Theorem 16.11 extends in some sense to arbitrary subalgebras Q C M. 
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Theorem 6.3. Let (M\,ti) and (M2,7^) be tracial von Neumann algebras with a common von 
Neumann subalgebra B such that t\\b = t-i\b- Let M = M\ *b M2 and Q C pMp be a von 
Neumann subalgebra, for some projection p G M . Let oj be a free ultrafilter on N. Denote by P 
the von Neumann subalgebra of M w generated by M and B u . 

Then one of the following conditions holds true: 

(1) Q' n {pMpY C P and Q' n {pMpY -< P B w . 

(2) N p Mp{Q)" <M Mi, for some i G {1,2}. 

(3) Qp' is amenable relative to B, for some non-zero projection p' G Z(Q' DpMp). 
To prove Theorem 16.31 we will need the following result. 

Theorem 6.4. [CHO^ Let (Mi, n) and (M2, T2) be tracial von Neumann algebras with a common 
von Neumann subalgebra B such that t\\b = T2\b- Let M = M\ *b M2 and Q C pMp be a von 
Neumann subalgebra, for some projection p € M. 

Then one of the following conditions holds: 

(1) Q'HpMp^M B. 

(2) M P Mp{Q)" <M Mi, for some i G {1,2}. 

(3) Qp' is amenable relative to B, for some non-zero projection p' G Z(Q' P\pMp). 

In the case when B is amenable and Q has no amenable direct summand this result was proved 
by I. Chifan and C. Houdayer [CH08., Theorem 1.1]. The argument that we include below follows 
closely their proof. 

Note that part (1) of Theorem 16.31 implies part (1) of of Theorem 16.41 Indeed, if Q' D (pMp) u -<p 
B u , then (Q' n pMp) u -< M w B" . This readily implies that Q' n M -< M B. Therefore Theorem 
16.31 is stronger than Theorem 16.41 

Before proceeding to the proofs of Theorems 16.31 and 16.41 let us fix some notations. Let M = 
M * (B®L(¥2)) and {0t}ti=M. be the automorphisms of M defined in Section f2.HI We extend Ot 
to an automorphism of M u by putting 6t((x n ) n ) = (6t(x n )) n . For x G M u , we denote 

5 t (x) = 9 t (x) - E M „{6 t {x)) G M u M". 

Note that if x G M, then 6 t (x) G M Q M. 

Let j3 be the automorphism of M satisfying j3{x) = x if x G M, ft{u ai ) = u* ai and (3(u a2 ) = u* 2 , 
where 01,02 are the generators of F2 chosen in Section [2.11i We still denote by (3 the extension 
of /? to M w . It is easy to check that (3 2 = idj^ w and f39 t f3 = 0_ t , for all tgR. 

By |Po06a[ Lemma 2.1], the existence of /3 implies that 

(6.3) ||^2t(af) - as]|a ^ 2\\5t(x)\\ 2 , for all x G M and every t G M. 

In the proofs of Theorems 16.31 and 16.41 we assume for simplicity that p = 1 , the general case being 
treated similarly. We continue with the following lemma which is key in both proofs. 

Lemma 6.5. Let (Mi,ri) and (M2,t%) be tracial von Neumann algebras with a common von 
Neumann subalgebra B such that rim = T2\b- Let Q C M = Mi *b M2 be a von Neumann 
subalgebra such that Qp' is not amenable relative to B, for any non-zero projection p' G Z(Q'nM). 

Then we have that sup^^g/p^w^ ||<5t(x)||2 0, cls t — > 0. 
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Proof. It is easy to see that the map R 3 t — > \\5t(x)\\ 2 G [0, oo) is even on R, and decreasing 
on [0, oo), for every x G M u . Thus, if the lemma is false, then there exists c > such that 
su Pa;e(Q'nM")i Il<*t0*0l|2 > c, for every £ G R \ {0}. 

For m ^ 1, put t m = 2~ m . Let x m G (Q' nl")i such that 

Cm — ( ^fm( a 'w) satisfies 1 1 ^m. [ 1 2 > c - 

Fix y G M and z G (Q)i< Then we have that 

WvUh = ll(i - ^)(^ ra (^))|| 2 < Hv^OOIIa < l|y|| 2 . 

Also, since zx m = x m z, by using S. Popa's spectral gap argument |Po06b] we get that 

\\zim ~ im,zh = 11(1 - E M )(z0t m (x m ) ~ O tm (x m )z)\\ 2 < \\zO tm (x m ) - 9 tm {x m )z\\ 2 = 

\\0-t m (z)x m - x m 9. tm (z)\\ 2 < 2\\6^ tm (z) - z\\ 2 — ► 0. 

By writing £ m = (Cm,n)n, where £, m ,n G M M, we find a net % G M M such that ||r/A;||2 > c, 
limsup fc ||y%|| 2 ^ II2/II2, for every y G M, and ||^r/jt — %<s|| 2 — > 0, for every z £ Q. 

Now, since M = M * (£<g)L(F 2 )), by Lemma E3Q| we have that P 2 (M) L 2 (M) ^ L 2 (M)(g> B IC, 
for some P-M bimodule /C. We may therefore apply Lemma [2.3l to conclude that Qp' is amenable 
relative to B, for a non-zero projection p' G Z(Q' n M), which gives a contradiction. □ 

Proof of Theorem \6.4\ Assuming that condition (3) is false, we prove that either (1) or (2) holds. 

Since Q'nM C Q'flM", Lemma [631 implies that sup^wg/pu^ ||<5j(x)|| 2 — > 0, as £ — > 0. Together 
with inequality 16.31 this yields £ > such that that — x\\% ^ \, for all x G (Q' D M)i. 

Thus, T(9 t (u)u*) ^ i, for every u G n M). Applying Theorem 12.111 gives that either 

Q'HM ^ M B or Nm(Q' n M)" -< A/ M i; for some i G {1,2}. Since A/" M (Q) c N M {Q' n Af), this 
finishes the proof. □ 

In the proof of Theorem 16.31 we will also use the following technical result: 

Lemma 6.6. Let P be the von Neumann subalgebra of generated by M and B u . 

Then we have 

(1) Mf and M% are freely independent over B u , 

(2) M W 1(P9 P) and 

(3) (M M)(M U1 P) _L M<^(M Af). 

Proo/. Let xi G Mf i QB u> ,x 2 G M^QB",..., x m G M^0P w , for some indices ii, i 2 , im G {1,2} 
such that ik 7^ ik+i, fo r alll^fc^m — 1. Then we can represent x^ = (xkn)m where xj-.n G 
M ik B, for all re and every 1 < k ^ m. Since T w (xi2 2 ...:r m ) = lim n _>. w T(x 1 , n X2, n —Xm,n) = 0, 
the first assertion follows. 

Towards the second assertion, define Pi = {M^B*}", P 2 = {M 2 , B w }" and P 3 = {B<^>L(¥ 2 ),B UJ }" . 
All of these algebras contain B w and we have that Pi C Mf, P 2 C M$ and P 3 C ( J B0L(F 2 )) w . 
Now, the first assertion implies that Mf, M% and (P0L(F 2 )) w are freely independent over B u . 
Since P = {Pi, P 2 }" and P = {Pi, P 2 , P 3 }", we deduce that 

P P C (Mf * B „ A/ 2 W * B c (P0L(F 2 )) w ) (Mf * B " M%). 

It is clear that the latter space is orthogonal to M w , thereby proving (2). 

Finally, let zi,2 2 G M M, y a G Af w P and y 2 G M w such that ||yi||, ||y 2 || < 1. Write 
Vi = (yi,n)n>2/2 = {y2,n)n, where yi,„,y 2 ,„ G (M)i. Our goal is to prove that {z 1 y 1 ,y 2 z 2 ) = or, 
equivalently, that lim n ^(ziyi iri , y 2i „z 2 ) = 0. 
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Since M = M* B (B®L(W 2 )), by LemmaEHwe can find a M-B bimodule K such that L 2 (M) 
L 2 (M) = K,(&bL 2 (M). Viewing z%,z 2 as vectors in L 2 (M) L 2 (M) and using approximations 
in ||.||2, we may assume that z\ = £1 (8>b ?7i , z 2 = £2 ®B V2, where £1,^2 S /C and 771,772 £ Af. 
Moreover, we may take £1 to be right bounded, i.e. such that ||£iy||2 ^ CII2/H2, for all V G M, for 
some constant C > 0. By using the definition of Connes' tensor product we get that 

\(zm,n,y2,nZ2}\ = | (2/2,n£l ®B ?7l2/l,n, 6 ®B ^2>| = | {y 2 ^l E B {mVl^D ,6) I ^ 

CH^^^JHaliealla. 

Since t/i IP and T]\B u r]% C P, we get that yi 1 77*^7/2. Hence, lim n _^ 1 1 (»7i 3/a ,n»7| ) I [ 2 = 
ll-E-B" (77iyi?72)l|2 = 0) which proves the last assertion. □ 

To prove Theorem 16.31 we adapt the proof of [IolO[ Lemma 3.3] (see also the proof of [Bol2[ 
Theorem 3.8]) to the case of AFP algebras. In the proof of Theorem 16.31 we apply Theorem 
6.4 and [IPP05|. Theorems 1.1 and 3.1] to non-separable tracial von Neumann algebras. While 
these results are only stated for separable algebras, their proofs can be easily modified to handle 
non-separable algebras. We leave the details to the reader. 

Proof of Theorem \6.3\ For simplicity, we assume that p = 1. Assuming that (2) and (3) are 
false, we will deduce that (1) holds. The proof is divided between two claims, each proving one 
assertion from (1). 

Claim 1. Q'nlf C P. 

Proof of Claim 1. Assume by contradiction that there exists x £ Q 1 D M w such that x P and 
put y = x - E P {x) J= 0. Fix z £ (Q)i and t £ R. 

Since E M u,(9 t (z)) = (E M u o E Kl ){9 t {z)) = E M (9 t {z)) and y £ we get that 

(6.4) \\5 t {z)y - yd t (z)\\ 2 = ||(1 - E M ){9 t {z))y - y(l - E M ){9 t {z))\\ 2 = 

||(1 - E M „)(9 t (z)y - y9 t (z))\\ 2 < \\9 t (z)y - y9 t (z)\\ 2 
Since zx = xz and z £ M C P, we get that zy = yz. Thus, we derive that 

(6.5) \\9 t (z)y - y9 t (z)\\ 2 = \\z9_ t {y) - 9. t {y)z\\ 2 ^ 2||0_ t (lO - y|| 2 = 2\\9 t {y) - y\\ 2 

On the other hand, since x £ M w , Lemma 16.61 (2) gives that Ep(x) = Ep(x). Since 9t leaves P 
globally invariant we conclude that 9 t (Ep{x)) = 9t{Ep(x)) = Ep(9 t (x)). As a consequence, we 
have 

(6-6) \\9 t (y) - y\\ 2 = ||(1 - E p )(9 t (x) - x)\\ 2 ^ \\9 t (x) - x\\ 2 

By combining 16.41 [631 and [6751 we get that \\5t(z)y — ySt(z)\\ 2 ^ 2||6^(x) — x\\ 2 . 

Since 5t(z) £ M Q M and y £ M u P, Lemma [6761 (3) implies that 5t(z)y _L y5t(z). Therefore 
we derive that [|<5t(z)y||2 ^ 2||6>j(x) — 2 - Since 

\\5 t (z)y - 5 t (zy)\\ 2 ^ \\9 t (z)y - 9 t (zy)\\ 2 < \\9 t (y) - y\\ 2 , 

we altogether deduce that ||<^(zy)||2 ^ 3||0t(x) — x\\ 2 , for every z £ (Q)i and t £ R. 

By using this inequality together with 16.31 and 16.61 we derive that 

(6.7) \\9 t (z)y - zy\\ 2 ^ \\9 t (zy) - zy\\ 2 + \\9 t (y) - y\\ 2 ^ 

2\\5 L (zy)\\ 2 + \\9 t (y) - y\\ 2 ^ 6\\9t_{x) - x\\ 2 + \\9 t (x) - x\\ 2 s£ 
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12||<5±(x)l| 2 + 2||5i(a:)||2 J for all z G (Q) x and t £ R. 

4 2 

Now, since (3) is assumed false, Lemma 1631 implies that sup xe ^Q/ nM u J - jl \\5t(x)\\2 — > 0, as t — > 0. 

In combination with 16.71 it follows that we can find £ > such that \\6t(z)y — zy\\2 ^ 2, for all 
2 £ (Q)i- Thus, if we let w = E^(yy*), then 

|L,||2 

K T(e t (z)«;2*) = K T(6 t (z)yy* z*) > ^M, for all 2 G W(Q). 

By using a standard averaging argument we can find ^ v £ M such that 0t(z)v = vz, for all 
z G Q. By [IPP051 Theorem 3.1] we would conclude that Q <m M,- l , for some i G {1, 2}. 

If we denote TV = Mm{Q)" ', then [IPP05|, Theorem 1.1] would imply that either TV <m Ml, 
TV — < jvjf M2 or Q -B- Since the last condition implies that there is a non-zero projection 
p' G -£(Q' fl M) such that Qp' is amenable relative to B, we altogether get a contradiction. □ 

To end the proof we are left with showing: 

Claim 2. Q'nM u < P B u . 

Proof of Claim 2. Recall from the proof of Lemma E2] that Pi = {Mi,B"}" and P 2 = {M, B w }" 
are freely independent over B w , and that P = P\ Pi- 

By applying Theorem 16.41 to the inclusion Q C P it follows that we are in one of the following 
three cases: (a) Q' n P <p B u , (b) Mp{Q)" <p Pi, for some i G {1,2}, or (c) Qz is amenable 
relative to B w inside P, for some non-zero projection z G Z(Q' n P). 

In case (a), Claim 1 implies that Q' n M w = Q' P ~<p B^ and thus (1) is satisfied. Let us show 
that cases (b) and (c) contradict our assumption that conditions (2) and (3) are false. 

Firstly, since TV C N P {Q)" , Pi C Mf and P C M", case (b) implies that TV < M « Mf . By 
Remark 12.21 it follows that Mpo is amenable relative to Mf inside M w , for some non-zero pro- 
jection po G TV' n M w . Lemma 12.41 further implies that Mp' is amenable relative to Mj inside 
M, for some non-zero projection p' G TV' n M. By Corollary 12.121 we get that either (bi) Mp' is 
amenable relative to B inside M or (b 2 ) TV -<ju Mj. In the case (bi) we get in particular that 
Qp" is amenable relative to B inside M, contradicting the assumption that (3) is false. In turn, 
case (b 2 ) contradicts the assumption that (2) does not hold. 

Finally, in case (c), Lemma 12.41 implies that Qp' is amenable relative to B, for some non-zero 
projection p' G Z{Q' n M). In other words, (3) holds, a contradiction. □ 

7. Uniqueness of Cartan subalgebras for Hi factors 
arising from actions of afp groups 

The main goal of this section is to prove Theorem 1 1 . 1 1 and derive several consequences. 

7.1. Uniqueness of Cartan subalgebras. Towards proving Theorem 11.11 we first establish a 
general technical result. 

Theorem 7.1. Let Ti and T 2 be two countable groups with a common subgroup A such that 
[Fx : A] ^ 2 and [F 2 : A] 3. Denote T = T± *\ T 2 and suppose that there exist g\,gi, ■■■,g n £ T 
such that r\f =1 giAg^ is finite. 

Let r r\ (D,t) be any trace preserving action of T on a tracial von Neumann algebra (D,t). 
Denote M = D x T and suppose that M is a factor. 

If A is a regular amenable von Neumann subalgebra of M, then A D. 
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Before proceeding to the proof of Theorem l7,H let us introduce some notations that will essentially 
allow us to reduce to the case when nf =1 <7jAg i ~ 1 is trivial and not only finite. 

Since Df^giAg^ 1 is finite, £ = Dg^gAg^ 1 is a finite group and there exist hi, h 2 , h m G T 
such that £ = Hf^hjAhJ 1 . Since £ < A is a normal subgroup of T, we can define the following 
groups r = r/S, r; = ryu, r' 2 = r 2 /S and A' = A/£. Note that r = r; * A / r' 2 and let 
p : r — )• r' be the quotient homomorphism. Note also that n 1 J 1 =1 kjA'kJ 1 = {e}, where kj = p(hj). 

Denote M = M®L(T") and let A : M -> X be the comultiplication [PV09| defined by 

A(aug) = au g <g) for every a £ D and all g € T. 

We next record a property of A that will be of later use. 

Lemma 7.2. Let Q C M be a von Neumann subalgebra and Tq < T be a subgroup. 
I/A(Q) < M M®L(p(T )), then Q < M D x T . 



Proof of Lemma 7.2 Assume by contradiction that Q -/<m D x IV Then we can find a se- 
quence of unitaries u n £ Q such that H-EDxroO^n^lb - ► 0, for all x,y 6 M. We claim that 
||£ , A/ ( g ) i(p(p ))(t)A(n n )7i;)||2 — >■ 0, for all v,w £ M. This will provide the desired contradiction. 

To prove the claim, by Kaplansky's density theorem, we may assume that v = 1 (g) i*p(M and 
= 1 (8> u p (k)i f° r some h,k £ V. For every 77-, write — ^^g^r Xn^g^g > where %n,g G -D. Then 
A(it n ) = Sger x n,g u g ® u p(g)- Since ker(p) = £, it follows that 

ger geh- 1 v T,k- 1 
Further, since £ is finite we deduce that 

\\ E M®L(p(r ))(. vA ( u n)w)\\l = ^2 \\x n , g \\l < \\E D>iro (u h u n Uki)\\l. 

Since ||-ED^r ( n /i' u n u fc/)||2 — > 0, as n — > 00, the lemma is proven. □ 

Proof of Theorem\7l\ Define Mi = M®L(T' 1 ), M 2 = M®L(T' 2 ) and B = M®L(A'). Then we 
have that M = Mi *b M 2 . 

Define M = M *b (B®L(F 2 )) and let {9 t }tm C Aut(M) be the deformation defined in Section 
12.111 Also, let N be the von Neumann subalgebra of M generated by {u g Mu*\g £ F 2 }. Recall 
from Section that M = N x F2, where F2 = {ug} g< ^ 2 acts on N by conjugation. 

Let t £ (0, 1) and consider the amenable von Neumann subalgebra 9t(A(A)) C M. By S. Popa 
and S. Vaes' dichotomy (Theorem EH]) we get that either 6 t (A(A)) <^ N or Nj^{9 t {A(A)))" is 
amenable relative to N inside M. 

Since A is regular in M, we have that #j(A(M)) C J\f J ^ i {9 t {A{A))" . Therefore, we are in one of 
the following two cases: 

Case 1. There exists t £ (0, 1) such that 9 t (A(A)) -<_^ N. 

Case 2. For every t £ (0, 1) we have that 9t(A(M)) is amenable relative to N inside M. 

In Case 1, Theorem [3721 gives that either A(A) -<m B or Af M (A(A))" -<m Mi, for some 
i £ {1,2}. Since A is regular in M, the latter condition implies that A(M) -<^v! Mi- 
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By using Lemma 17, 21 we derive that either A -<m D x A or M -<m D x Tj, for some i £ {1,2}. If 
A -<m D x A, then as M is a factor, [HPV101 Proposition 8] implies that A -Km D x (D^giAg^ 1 ). 
Since n™ =1 gjA<7 J ~ 1 is finite, we conclude that A -<m D, as claimed. 

Now, since [Ti : A] ^ 2 and [r 2 : A] ^ 2, we can find g x G Tj \ A and g 2 G T 2 \ A. Let 
-u = u gig2 G W(L(r)). Then we have that H-Boxr^^""?/)!^ — > 0, for every x,y £ M and i G {1, 2}. 
Thus, -L(r) T^Af -D x Tj and hence M -^m D xi Tj. This shows that the second alternative is 
impossible and finishes the proof of Case 1. 

In Case 2, since [ri : A'] ^ 2, [T' 2 : A'} ^ 3 and Hf^kjA'kj 1 = {e}, Corollary IO implies that 

L(r')' n l(t'y = ci. 

Note that u g ®u p ^ G A(M), for every g £T. Moreover, the von Neumann algebra Aq generated 
by {u p ( 9 )} fle r is equal to L(T') and satisfies A' D L(r') w = CI. Since 0t(A(M)) is amenable 
relative to N, for any t G (0,1), by Theorem 15.21 we deduce that either L(T') ~<l(T') L{T'A, for 
some i G {1,2}, or L{T') is amenable relative L(A') inside L(T'). 

Since [T[ : A'] ^ 2 and [r' 2 : A'] ^ 2, we can choose gi G 1^ \ A' and g 2 G T' 2 \ A'. Then 
u = u gig2 G i(r') satisfies \\E L ^-j(xu n y)\\ 2 — > and ||£x(r' )(xu n y)\\2 — > 0, for all x,y G £(r'), 
showing that the first alternative is impossible. 

Finally, if L(T') is amenable relative to -^(A') inside L(T'), then A' is co-amenable in V , i.e. there 
exists a T'-invariant state $ : £°°(T'/A') — > C (see [AD951 Proposition 3.5]). Let us show that is 
impossible as well. 

Let g\ G T[ \ A' and g 2 , <? 3 G T' 2 \ A' such that g^ 1 g 2 A'. Let Si and 5 2 be the set of words in 
T[ \ A' and Y' 2 \ A' beginning in r' x \ A' and in T' 2 \ A', respectively. Then r' = Si U S 2 □ A' and 
we have A' c giS 1 ,g 1 S 2 C Si,g 2 Si C S 2 ,g 3 S! C S 2 . 

Now, let q : V — > T'/A' be quotient map and define T\ = q(Si),T 2 = q(S 2 ). Then we have 
T'/A' = Ti U T 2 U {eA'} and eA' G g\T x ,g x T 2 C T x ,g 2 T x C T 2 , 53 Ti C T 2 . Moreover, since 
g^g-iTi C T 2 , we get that g 2 7i n 53T1 = 0. Hence, g 2 T x U # 3 Ti C T 2 . 

For a subset T C T'/A', let m(T) = &(1t) G [0,1]. Then m is a finitely additive T'-invariant 
probability measure on T'/A'. The relations from the last paragraph therefore imply that 
m(eA') ^ m(Ti),m(T 2 ) ^ rn(Ti) and 2m(Ti) ^ m(T 2 ). This would imply that m(eA') = 
m(Ti) = m(T 2 ) = 0, contradicting the fact that m(eA') + m(T x ) + m(T 2 ) = m(T'/A') = 1. □ 

Proof of Theorem \l.l\ Assume that r = T\ xT 2 x ... xr n , where Ti = 1^1*^1^ 2 is an amalgamated 
free product group satisfying the hypothesis of Theorem ll.il for every i G {1, 2, n}. We denote 
by Gi < T the product of all Tj with j G {1, 2, n} \ {i}. 

Let r r\ (X, //) be a free ergodic pmp action. Let A be a Cartan subalgebra of M = L°°{X) x T. 
For a subset S C T, we denote by es the orthogonal projection from L 2 (M) onto the ||.|| 2 closed 
linear span of {L°° (X)u g \g G 5"}. 

For i G {1, 2, n}, we decompose M = (L°°(X) x Gi) x Tj. By applying Theorem l7.1l we deduce 
that A -<m L°°(X) x d. Since A is a Cartan subalgebra it follows that for every e > we can 
find a finite set 5 C T such that ||a; — esGiS(x)\\ 2 ^ e, for all x G (-A)i. 

Thus, we can find finite sets S\, S 2 , S n C T such that 

||g ~ es^i (x) n + i ' for all x G (A)\ and every i G {1, 2, n}. 

Let 5 = n" =1 S'jGi5j. Then 5" is a finite subset of T and ||x — es(x)|| 2 ^ for every x G (A)i. 
Thus, ||e 5 (u)|| 2 ^ for every u G W(^). Since ||e 5 (M)||| = J2 g es \\ E L™(x){uu* g )\\l, Theorem 
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Ogives that A -< M L°°(X). Since A and L°°(A) are Cartan subalgebras, [PoOTl Theorem A.l] 
implies that they are unitarily conjugate. □ 

7.2. Applications to W*-superrigidity. Next, we combine Theorem 1 1 . 1 1 wit h S. Popa's cocycle 
superrigidity [Po06aj to provide a new class of W*-superrigid actions. In particular, we will deduce 
Corollary O 

A free ergodic pmp action V rx (X, p) is called W* -superrgid if whenever L°° (X) x T = L°° (Y) x A, 
for a free ergodic pmp action A rx (Y,is), the groups T and A are isomorphic and their actions 
are conjugate. This means that we can find a group isomorphism 5 : T — > A and a measure space 
isomorphism 9 : X — >■ Y such that 6{g ■ x) = 5(g) ■ 9(x), for all g S T and //-almost every x E X. 

Recall that any orthogonal representation ir : T — > Oi%^) onto a real Hilbert space %k gives rise 
to a pmp action V rx (X w , p n ), called the Gaussian action associated to ir (see for instance |Fu061 
Section 2.g]). 

Theorem 7.3. Let T = T\ *\T2 and T = *\/ T' 2 be amalgamated free product groups such that 
[Ti : A] ^ 2, [r 2 : A] ^ 3, [r^ : A'] > 2 and [T' 2 : A] ^ 3. Suppose that there exist gi,g 2 , ...,g n G T 
and g'^g'z, ...,g' n G V such that Df^Ag^ 1 = {e} and nf =1 ^A' g'r 1 = { e }. 

Let G = r x r' and ir : G — > 0(%r) be an orthogonal representation such that 

• the representation tt^ has stable spectral gap, i.e. vr|p (g> 7f|p has spectral gap, and 

• the representation ir^/ is weakly mixing, i.e. 7T|p/ (g) 7Tip/ has no invariant vectors. 

Then any free ergodic pmp action G rx (X, /i) which can be realized as a quotient of the Gaussian 
action G rx (X w ,fj, n ), is W -superrigid. 

S. Popa and S. Vaes have very recently proven that the same holds when T and V are ice 
weakly amenable groups that admit a proper 1-cocycle into a representation with stable spectral 
gap jPVlll Theorem 12.2]. 

Proof. Denote M = L°°(X) x G and let A rx (Y,v) be a free ergodic pmp action such that we 
have an isomorphism 6 : L°°(Y) x A — > M. Then 9(L°°(Y)) is a Cartan subalgebra of M. Thus, 
by Theorem II. II we can find a unitary u £ M such that 6(L°°(Y)) = uL co (X)u* . 

This implies that the actions G rx (X,(i) and A rx (Y,u) are orbit equivalent. Therefore, in 
order to show that the actions are actually conjugate, it suffices to argue that G rx (X, fi) is orbit 
equivalent superrigid. 

Let us show that we can apply I'oOtia. Theorem 1.3] to G rx X. Firstly, by Corollary 16.21 T 
and r' have no finite normal subgroup. Thus, G has no finite normal subgroups. Secondly, 
by [Fu06, Theorem 1.2] the action G rx X is s-malleable. 

Thirdly, consider the unitary representation p : G rx L 2 (X 7T ) QC1. Then p is a subrepresentation 
of 7T (8) a, where a = ©n^o vr® n . Since vr|r has stable spectral gap and 7ri jv is weakly mixing, the 
same properties hold for p\j< and pw. Thus, the action Y rx X n has stable spectral gap and the 
action V rx X v is weakly mixing. 

Thus, we can apply [Po06aJ Theorem 1.3] to deduce that the action G rx X is OE superrigid. □ 

Proof of Corollary Note that the Bernoulli action G rx [0, 1] G can be identified with the 
Gaussian action associated to the left regular representation A : G — > U(l 2 (G)). Since V and V 
are non-amenable, the corollary follows from Theorem 17.31 
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Remark 7.4. In [KilO} Theorem 1.1], Y. Kida proved the following: let Mod* (S) be the extended 
mapping class group of a surface of genus g with p boundary components. Suppose that 3g+p ^ 5 
and (g,p) / (1, 2), (2, 0). Let A < Mod*(5) be a finite index subgroup and A < A be an infinite, 
almost malnormal subgroup (i.e. hAh" 1 n A is finite, for all h G A \ A) and denote r = A *a A. 
Then any free ergodic pmp action T rx (X, fj,) whose restriction to A is aperiodic is OE-superrigid. 

Since A < T is weakly malnormal, Theorem 11.11 implies that all such actions of T are moreover 
W*-superrigid. 

7.3. An application to W*-rigidity. In combination with the orbit equivalence rigidity results 
of N. Monod and Y. Shalom, Theorem 11.11 implies the following. 

Theorem 7.5. Let ri,T2,r3 and I\ be any non-trivial torsion-free countable groups and define 
T = (ri * T2) x (T3 * 1^4). Let T rx (X,fi) be a free ergodic pmp action whose restrictions to 
T\ * T2, T3 * T4 and any finite index subgroup V < T are also ergodic. 

Let A rx (Y, v) be an arbitrary free mildly mixing pmp action. 

Lf L°°(X) x T = L°°(Y) x A, then T = A and the actions T rx X and A rx Y are conjugate. 

Following [MS02, Definition 1.8], a measure preserving action A rx (Y, v) is called mildly mixing if 
for any measurable set A C Y and any sequence A„ £ A with A n — > 00, one has v{\ n A A A) — > 
if and only if v(A) G {0,1}. 

Proof of Theorem \ 7. 5\ By [MS021 Theorem 1.3] the groups Ti * T2 and 1^3 * belong to the class 
C reg . Applying [MS02, Theorem 1.10] then gives the conclusion. □ 

7.4. W* Bass-Serre rigidity. We next combine Theorem 11.11 with results of A. Alvarez and D. 
Gaboriau [AG08| to generalize part of [IPP05I Theorem 7.7] and |CH081 Theorem 6.6]. 

Theorem 7.6. Letm,n ^ 2 be integers and Ti, F2, ...,T m , A\, A2, A n be non-amenable groups 
with vanishing first i 2 -Betti numbers. Define Y = T\ * T2 * ... * T m and A = Ai * A2 * ... * A n . Let 
r rx (X, fi) and A rx (Y, v) be free pmp actions such that the restrictions Ti rx X and Aj rx Y 
are ergodic, for every i G {1,2, m} and j £ {1, 2, n}. 

Let 6 : L°°(X) xi T — > (L°°(Y) x A)* be an isomorphism, for some t > 0. 

Then t = 1, m = n and there exists a permutation a of {1, 2, m} such that the actions Ti rx X 
and A a (j) rx Y are orbit equivalent, for every i G {1,2, m}. 

Moreover, for every i G {l,2,...,m}, there exists a unitary element Ui G L°°(Y) x A such that 
B(L°°(X)) = UiL°°(y)uJ and 0(L°°(Y) x Ti) = nj(L°°(Y) x A a{i) )u*. 

Proof. By Theorem 1 the Hi factor L°°{X) x T has a unique Cartan subalgebra, up to unitary 
conjugacy. Thus, we can find a unitary u G (L°°(Y) x A) 4 such that 9(L°°(X)) = u(L co (Y)) t u* . 
Denoting by 1Z(T rx X) the equivalence relation induced by the action r rx X, it follows that 
K{T rx X) = K(A rx Y)\ By using [GaOlj to calculate the first ^ 2 -Betti number of both sides of 
this equation (see the end of the proof of [IPP05|. Theorem 7.7]) we deduce that t = 1. Now, by 
[AG08 , Corollary 4.20], non-amenable groups with vanishing first £ 2 -Betti number are measurably 
freely indecomposable. Since K(T rx X) = *^ 1 TZ(T l rx X) and TZ(A rx Y) = *" =1 ^(A J - rx Y), 
by applying |AG08[ Theorem 5.1], the conclusion follows. □ 
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7.5. Hi factors with trivial fundamental group. Theorem 11.61 also leads to a new class of 
groups whose actions give rise to Hi factors with trivial fundamental groups. 

Theorem 7.7. Let T\, T2 be two finitely generated, countable groups with \F\\ 2 and 1 17*2 1 ^ 3. 
Denote T = Ti * T2 and let T rx (X, fi) be any free ergodic pmp action. 

Then the II\ factor M = L°°{X) X T has trivial fundamental group, J~(M) = {1}. 

Proof. By Theorem 11.61 L°°{X) x V has a unique Cartan subalgebra, up to unitary conjugacy. 
Therefore, we have that T(M) = F(K(T rx X)). Since P^(T) G (0,oo), a well-known result of 
D. Gaboriau |G50Ij implies that F(K(T rx X)) = {1}. □ 

Remark 7.8. Theorem 17. 71 generalizes [PV08, Theorem 1.2]. Thus, it was shown in |PV08] that 
the conclusion of Theorem 17.71 holds, for instance, if T\ is an ice property (T) group and T2 is 
an infinite group. Note that Theorem 17.71 fails if the groups involved are not finitely generated. 
Indeed, by [PV08, Theorem 1.1] if Ai is a non-trivial group and A2 is an infinite amenable group, 
then r = A*°° * A2 does not satisfy the conclusion of Theorem 17.71 In fact, as shown in [PV08J, 
there are free ergodic pmp actions r rx X such that J-(L°°(X) x T) is uncountable. 

7.6. Absence of Cartan subalgebras. Finally, Theorem 17.11 allows us to provide a new class 
of Hi factors without Cartan subalgebras: 

Corollary 7.9. Let T = Fi *a ^2 be an amalgamated free product group such that [T\ : A] ^ 2 
and [T2 : A] ^ 3. Assume that there exist gi,g2, -;9n £ P such that nf =1 giAg^ = {e}. 

Then N®L(T) does not have a Cartan subalgebra, for any II\ factor N . 

Proof of Corollary \7.9\ Let N be a IF factor and denote M = N®L(T). Assume by contradiction 
that M has a Cartan subalgebra A. Since M = N x T, where T acts trivially on N, Theorem 
17.11 implies A -<m X. By taking relative commutants (see [Va07, Lemma 3.5]) we get that 
L(r) -<m A' n M = A. Since A is abelian, while T is non-amenable, we derive a contradiction. □ 

8. Cartan subalgebras of AFP algebras and classification of IF factors 

ARISING FROM FREE PRODUCT EQUIVALENCE RELATIONS 

In this section we prove Theorem 11.31 and Corollary 11.41 

8.1. Proof of Theorem 11.31 Let A be a Cartan subalgebra of M = Mi* B M 2 . Recall that B 
is amenable, pM\p 7^ pBp 7^ pM 2 p, for any non-zero projection p £ B, and that either 

(1) M\ and M2 have no amenable direct summands, or 

(2) M does not have property T. 

We claim that M Mi, for any i £ {1, 2}. Assume by contradiction that M -<m Mi, for some 
i 6 {1,2}. By Theorem 12.11 we can find projections p G M, q 6 Mj, a non-zero partial isometry 
v G qMp such that v*v = p, and a *-homomorphism (ft : pMp — > qMiq such that (ft(x)v = vx, 
for all x 6 pMp. Since M is a non-amenable factor and B is amenable, we have that M -^m B. 
Thus, by [Va07, Remark 3.8] we can moreover assume that <ft(pMp) -^Mi B. 

Then (IPP051 Theorem 1.1] implies that (ft(pMp)' DqMiq C qMiq. In particular, qo := vv* G qMiq. 
From this we get that q^Mq® = q^Miq^. Let j £ {1, 2}\{i} and x 6 MjQB. Then the orthogonal 
projection of q xq onto (L 2 {M-) Q L 2 {B)) ® B (L 2 (Mj) Q L? (B)) <g> B (L 2 (Mi) Q L? (B)) is equal to 
(q - E B (qo))x(q - E B (q )). Since q xq £ Mi, we deduce that q - E B (q ) = 0. Thus, q £ B 
and qoMjqo C qoMiqoHqoMjqo = q^Bq®. This contradicts our assumption that qoMjqo 7^ qoBqo- 
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Next, consider M = M *b (B®L(F2)) and the free malleable deformation {9t}teR C Aut(M). 
Let N = {u g Mu*\g G F2}". Since M = N xi F2, by applying Theorem 12.81 we have two cases: 

Case a. 9 t (A) N, for some t G (0, 1). 

Case b. #t(M) is amenable relative to N inside M, for any t G (0, 1). 

In Case a, Theorem 13.21 gives that either A -<m B or M -<m Mi, for some i G {1, 2}. Since the 
latter is impossible by the above, the conclusion holds in this case. 

To finish the proof it is enough to argue that Case b contradicts each of the above assumptions 
(1) and (2). Indeed, by applying Theorem 14.11 we get that MiPi is amenable relative to B, for 
some non-zero projection pi G Z(M{) and some i G {1, 2}. Since B is amenable, this would imply 
that either Mi or M2 has an amenable direct summand, contradicting assumption (1). 

Also, by applying Theorem 15.11 we would get that either M has property T, M -<m Mi, for 
some i G {1,2}, or M is amenable relative to B (hence M is amenable and therefore isomorphic 
to the hyperfinite Hi factor). Since the hyperfinite Hi factor has property T, this contradicts 
assumption (2). 

Remark 8.1. Theorem [L3] requires that M = Mi* B M2 is a factor. Note that when B is a type I 
von Neumann algebra, |HV12| Theorem 5.8] and [Uel2[ Theorem 4.3] provide general conditions 
which guarantee that M is a factor. 

8.2. Proof of Corollary [131 Denote M = L(72), Mi = L(Ki), M 2 = L(72 2 ) and B = L°°(X). 
Then M = Mi * B M 2 . Since the restrictions of 72 1 and 72 2 to any set of positive measure have 
infinite orbits, we get that pMip 7^ pBp 7^ pM 2 p, for any non-zero projection p G B. 

Now, if the restrictions of 72 1 and 1Z 2 to any set of positive measure are non-hyperfinite, then Mi 
and M2 have no amenable direct summand [CFW81J. 

Next, let us show that if 72 is strongly ergodic, then M does not have property T. Since the 
restrictions of 72i and IZ2 to any set of positive measure have infinite orbits, [IKT081 Lemma 2.6] 
provides 9i G [TZi] and 92, #3 G [72.2 ] such that 6\{x) 7^ x,92(x) / x,9^{x) / x and ^2(3^) 7^ 9%{x), 
for /x-almost every x G X. Thus the unitaries u = ug 1 G Mi, v = u$ 2 G M2 and w = u$ 3 G M2 
satisfy E B (u) = E B (v) = E B {w) = E B (w*v) = 0. By Lemma [Owe get that M' n M u C B u . 

Since 72 is strongly ergodic, we have that M' n B w = C, which shows that M does not have 
property V. 

Altogether by applying Theorem 11.31 we deduce that if A is a Cartan subalgebra of M, then 
A -<m B. Hence, by [PoOl, Theorem A.l] it follows that A and B are unitarily conjugate. 

Finally, let S be a countable measure preserving equivalence relation on a probability space {Z, v) 
and 9 : L{S) — > M be an isomorphism. Then 9{L°°{Z)) is a Cartan subalgebra of M and so it 
must be conjugate to B. This shows that the inclusions L°°(X) C £(72) and L°°{Z) C L(S) are 
isomorphic, hence 72 = S. □ 

Remark 8.2. This proof moreover shows that if v G H 2 (72,T) is any 2-cocycle, then L°°(X) 
is the unique Cartan subalgebra of the Hi factor L(72, v), up to unitary conjugacy. Thus, if 
L(lZ,w) = L{S,v), for any ergodic countable measure preserving equivalence relation S on a 
standard probability space (Y,u) and any 2-cocycle w G H 2 (5,T), then 72 = S and the cocycles 
v and w are cohomologous. More precisely, there exists an isomorphism of probability spaces 
9: X -^Y such that (9 x 6»)(72) = S and [v o (9 x 9 x 9)} = [w] in H 2 (72,T) (see |FM77j ). 
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9. NORMALIZERS OF AMENABLE SUBALGEBRAS OF AFP ALGEBRAS 

In the first part of this section we prove Theorem 11.61 and Corollary [TTTJ and then deduce Corollary 
[131 

9.1. Proof of Theorem II. 61 Let A C M = M\ *b M 2 be a von Neumann subalgebra that is 
amenable relative to B. Suppose that P = Mm(A)" satisfies P' n M u = CI. 

Let M = M *b (jB®L(F2)) and {9t}teR C Aut(M) the associated free malleable deformation. 
Let N = {u g Mu*\g G F2}" and recall that M = N x F2. Since A is amenable relative to B and 
Ot{B) = B C N, we deduce that 9t(A) is amenable relative to N, for any tel. 

By Theorem 12.81 either there exists t G (0,1) such that -K^ N or else 0t(P) is amenable 

relative to iV inside M, for every t G (0, 1). 

In the first case, Theorem 13.21 gives that either A -<m B or P -<m Mi, for some % G {1, 2}. In the 
second case, Theorem 15.11 implies that either P -<m Mi, for some i G {1,2}, or P is amenable 
relative to B inside M, Altogether, the conclusion follows. □ 

9.2. Proof of Corollary 11.71 We establish the following more precise version of Corollary 11.71 
If P C pMp and Q C M are von Neumann subalgebras then we write P -< S M Q if Pp' -<m Q, for 
any non-zero projection p' G P' D pMp. 

Corollary 9.1. Let (Mi,t\), (M 2 ,t 2 ) be two tracial von Neumann algebras. Let M = M\ * Mi 
and A C M be a diffuse amenable von Neumann subalgebra. Denote P = Mm(A)" . 

Then we can find projections pi,P2,P3 G Z(P) satisfying p\ + P2 + P3 = 1 and 

(1) P Pl < S M Mi, 

(2) Pp 2 < S M M 2 , and 

(3) Pps is amenable. 

Moreover, if Mi and M 2 are factors, then we can find unitary elements ui,u 2 G M such that 
uiPp\u\ C Mi and u 2 Pp 2 u* 2 C M 2 . 

Proof. If a non-zero projection p G Z(P) = P' n M satisfies Pp -<m Mi, for some i G {1, 2}, then 
there exists a non-zero projection p' G Z(P)p such that Pp' < S M Mi. Thus, in order to get the 
first part of the conclusion, it suffices to argue that if p G Z(P) is a non-zero projection such 
that Pp has no amenable direct summand, then either Pp -<m Mi or Pp -<m M 2 . 

By Theorem l2.7l we can find projections e, / G Z{{Pp)' DpMp) D Z((Pp)' D (pMp) w ) such that 

• e + f=p. 

• {(Pp)' n (pMpY)e is completely atomic and {(Pp)' n (pMp) U) )e = ((Pp)' n (pMp))e. 

• ((Pp)' n (pMpY)f is diffuse. 

Since p ^ 0, we have that either e 7^ or / ^ 0. 

In the first case, let eo G ((Pp)' H (pMp) u )e be a minimal non-zero projection. Then we have 
that e G p(P' D M UJ )pDp(P' D M)p and e ( J P / nM w )e = Ce . Therefore, Pe is a von Neumann 
subalgebra of eoMeo such that (Pe®)' n (eoMeo) w = Ceo- 

Note that Peo C A/" eo Me (-^ e o)"- Also, we have that A and hence Ae$ is diffuse. By applying 
Theorem 11.61 (in the case B = C) we deduce that either Peo <m Mi, for some i G {1,2}, or Peo 
is amenable. Since eo ^ p, Peo cannot be amenable. Thus, we must have that Peo -<m M{ and 
hence that Pp -<m Mi, for some i G {1, 2}. 
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In the second case, we have that / G p(P' n M UJ )pr\p(P' n M)p and that /(P' n M")f is diffuse. 
Thus, Pf is a von Neumann subalgebra of fMf such that (Pf)' n {fMf) w is diffuse. 

By applying Theorem 16.31 (with P» = C) we deduce that either Pf -<m Mi, for some % G {1,2}, 
or P/o is amenable, for some non-zero projection /o G Z((Pf)' n fMf). Since /o ^ p, the latter 
is impossible. Thus we conclude that Pp -<m Mi, for some i G {1,2}, in this case as well. 

The moreover part now follows by repeating the proof of [IPP05, Theorem 5.1 (2)]. □ 

9.3. Proof of Corollary 11.51 Assume by contradiction that M = M\ * M2 has a Cartan sub- 
algebra A. Since Mi ^ C ^ M 2 and dim(Mi) + dim(M 2 ) ^ 5, by [UelOl Theorem 4.1] there 
exists a non-zero central projection z G M such that Mz is a Hi factor without property T, while 
M{1 — z) is completely atomic. In particular, M is not amenable. 

To derive a contradiction we treat separately two cases 

Case 1. Mi and M2 are completely atomic. 

Case 2. Either M\ or M2 has a diffuse direct summand. 

In the first case, since Mm{A)" = M, Corollary 19.11 yields projections pi,P2,P3 G Z(M) such 
that p\ + P2 + P3 = 1, Mpi -<j^ Mi, Mp2 -^2 and Mp^ is amenable. Since Mi,M2 are 
completely atomic, it follows that Mp\,Mp2 are completely atomic. Altogether, we derive that 
M is amenable, a contradiction. 

In the second case, we may assume for instance that M\ has a diffuse direct summand. Hence, 
there exists a non-zero projection p G Z[M\) such that M\p is diffuse. Since M(l — z) is 
completely atomic, we must have that p ^ z. 

Define N = {Cp + Mi(l - p)) V M 2 . Then by [UelO| Lemma 2.2] we have that M x p and pNp 
are free and together generate pMp, i.e. pMp = M\p * pNp. We also have that pNp 7^ Cp. 
Indeed, since M2 7^ C, there exists a projection g G M2 with g / 0,1. Then pgp G pNp and 
pgp = r(g)p + p(q — r(q))p. This clearly implies that pqp G" Cp. 

Now, note that is a Cartan subalgebra of Mz. Since Mz is a factor and p G Mz, it follows that 
pMp also has a Cartan subalgebra. Since Mz does not have property T, it follows that pMp does 
not have property T as well. On the other hand, since pMp = M\p*pNp and M\p 7^ Cp 7^ pNp, 
by applying Theorem 11.31 (2) in the case B = Cp, we conclude that pMp does not have a Cartan 
subalgebra. This leads to the desired contradiction. □ 

9.4. Strongly solid von Neumann algebras. Our final aim is to prove Theorem 11.81 We 
begin by introducing some terminology motivated by the proof of [Po03} Theorem 3.1]. 

Definition 9.2. |Po03j Let (M,r) be a tracial von Neumann algebra and B C M be a von 
Neumann subalgebra. We say that the inclusion B C M is mixing if for every x,y G M Q B and 
any sequence b n G (P)i such that b n — > weakly we have that ||Ps(x6 n y)||2 — > 0. 

This notion has been considered in [JS06] and [CJM10J, where several examples of mixing inclu- 
sions of von Neuman algebras were exhibited. 

Remark 9.3. Let B C M be tracial von Neumann algebras. 

(1) It is easy to see that the inclusion B C M is mixing if and only if the B-B bimodule 
L 2 (M) e L 2 (B) is mixing in the sense of |PS09l Definition 2.3]. 

(2) In particular, the inclusion BcMis mixing whenever the B-B bimodule L 2 (M) Q L 2 (B) 
is isomorphic to a sub-bimodule of ®iZi(L 2 (B) (&L 2 (B)). This is the case, for instance, if 
we can decompose M = B * C , for some von Neumann subalgebra C C M (see the proof 
of [PoOBbl Lemma 2.2]). 
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(3) Let A < r be an inclusion of countable groups. Then the inclusion of group von Neumann 
algebras L(A) C L(T) is mixing if and only if gAg^ 1 n A is finite, for every g G T \ A 
(see [JS061 Theorem 3.5] and the proof of Corollary 19. 8p . 

(4) Let (D,t) be a tracial von Neumann algebra and r rx D be a mixing trace preserving 
action. Then the inclusion L(T) C D x T is mixing (see the proof of |Po031 Lemma 3.4]). 

In order to prove Theorem 11.81 we need two technical lemmas. 

Lemma 9.4. \Po03^ Let (M, r) be a tracial von Neumann algebra and B C M be a von Neumann 
subalgebra. Assume that the inclusion B C M is mixing. Let A C pMp be a diffuse von Neumann 
subalgebra, for some projection p G M, and denote P = M p Mp{A)" . Then we have 

(1) If A C B, then P C B. 

(2) If A < M B, then P < M B. 

Proof. For the reader's convenience let us briefly indicate how the lemma follows from [Po03j. 

Recall that the quasi-normalizer of a von Neumann subalgebra Q C M, denoted qN~M(Q)i consists 
of those elements x G M for which we can find xi,...,x n G M such that xQ C YJi=\Q x i an d 
Qx C E?=i^Q (see [PoOil Section 1.4.2]). Note that M M (Q) C qM M (Q)- 

Let Q C rBr be a diffuse von Neumann subalgebra, for some projection r £ B. Since the 
inclusion BcMis mixing, the proof of [Po03, Theorem 3.1] shows that the quasi-normalizer of 
Q in rMr is contained in rBr (see also the proof of [IPP05, Theorem 1.1]). This fact implies (1). 

To prove (2), assume that A -<m B. Then we can find projections q G A, r G B, a non-zero partial 
isometry v G rMq and a *-homomorphism (j) : qAq —> rBr such that cj>(x)v = vx, for all x G qAq. 
Since <j){c[Aq) C rl?r is diffuse, the previous paragraph gives that qN r Mr{4>{qAq)) C rBr. 

Next, let n G M p Mp{A). Following the proof of |Po03l Lemma 3.5], let z G A be a central 
projection such that z = Y^T=x v i v *j-> f° r some partial isometries {u J }^ =1 in A satisfying VjVj ^ q. 
We claim that qzuqz G gMg belongs to the quasi-normalizer of qAq. Indeed, we have 

m m 

qzuqz(qAq) C qzuA = qzAu = qAzu C ^^{qAvj)v*u C ~^2(qAq)v*u 

3=1 3=1 

and similarly (qAq)qzuqz C Yl^i^jil^'l)- 

Now, it is clear that if x G qJ\F q Mq{qAq), then t;xv* G qAf r Mr{4>(qAq)) . By combining the last 
two paragraphs we derive that vqzuqzv* G rBr. Since the central projections z of the desired 
form approximate arbitrarily well the central support of q, we deduce that vquqv* G rBr. Thus, 
vuv* G rBr, for all u G N p Mp{A). Hence vPv* C rBr and so we conclude that P -<m B. □ 

Lemma 9.5. Let (M, r) 6e a tracial von Neumann algebra and B C M be a von Neumann 
subalgebra. Assume that the inclusion B C M is mixing. 

Let P C pMp be a separable von Neumann subalgebra, for some projection p G M , and u be a 
free ultrafilter on N. Assume that P' D {jpMpY is diffuse and P' n (pMpY -<m^ B w . 

Then P -< M B. 

Proof. We first prove the conclusion under the additional assumption that P' n pMp = Cp. We 
assume for simplicity that p = 1 , the general case being treated similarly. Denote P^ = P 1 n M u 
and let {y n }n^i be a ||.||2 dense sequence in (P)i- 
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Since P u -<m u B^, we can find a%, a 2 , a n , 61, £>2 , b n G M u and 5 > such that 

n 

(9.1) ^11^(^^)111x5, for all ueU{P u ). 

i=l 

For every i G {1,2, ...,n}, write a, = (a ijk ) k and 6, = (b i>k ) k , for some a i>k ,b itk G M. 
Claim 1. There exists A; G N such that 

n 

(9.2) ||-BB»(ai,fctt5i, fc )||l > S, for all u G U(P W ). 

i=l 

Proof of Claim 1. Suppose that the claim is false and fix k G N. Then there is a unitary 
Uk G Puj such that YZ=i \\EB"(a ijk u k bi <k )\\l < 5. Write u k = (u k ,i)i, where u k j G W(M). 
Then the last inequality rewrites as lim/-^ Ya=i ll-^s( a i,fc M fc^^,fc)ll2 < ^- Also, we have that 
lim/_> w || [u k) i, Dj]\\2 = ||[«fe, VjWU = 0, for all j ^ 1. It altogether follows that we can find / G N 
such that U k := u k ,i satisfies Ya=i \\EB(ai jk U k b i>k )\\% < 5 and Y$=i II [£4, lb < \- 

It is then clear that the unitary U = (U k ) k belongs to P u and satisfies Ya=1 W^B" (a>iUbi)\\2 ^ 
This contradicts inequality 19.11 □ 

We next use an idea of S. Vaes (see the proof of |Iollat Theorem 3.1]). 

Denote by K, the ||.||2 closure of the linear span of the set {axb\a, b G M, x G P w Q B}. Then K, is 
a Hilbert subspace of L 2 (M W ) that is an M-M bimodule. Denote by e the orthogonal projection 
from I?(M W ) onto /C. 

Since P^ is diffuse we can find a unitary u £ P^ such that r(n) = 0. Since Em(u) G P' n M and 
P' n M = Cl, it follows that E M (u) = t{E m {u))\ = 0. 

Let £ = e(u). We claim that £ 7^ 0. Let & G N as in Claim 1 and 7/ = X^=i a i k^B*" (ai,kubi, k )b* k . 
Note that E B (E B u(a i:k ub i:k )) = E B {a iik ubi >k ) = E B (E M {a i)k ub i:k )) = E B (a ijk E M (u)b iik ) = 0. 
Thus E B u(ai^ k ubi^ k ) G B u Q B, for all i G {1, 2, rt}, hence rj G /C. On the other hand, 
inequality 19.21 rewrites as (u, rj) ^ 5. Combining the last two facts gives that £ 7^ 0. 

Since /C is an M-M bimodule and u commutes with P it follows that y£ = £y, for all y G P. 
Thus ,£) = H^H! > 0, for all y G U{P)- To finish the proof we use a second claim. 

Claim 2. Let v n ,w n G (M)i be two sequences such that H-EB^fnfliJIh — > 0, for all a±,a2 G M. 
Then for all £1,^2 G /C we have that (v n ^iw n , £2) — ?• 0, as n — )• 00. 

Proof of Claim 2. It suffices to prove the conclusion for £1 an d £2 of the form £1 = CL\X\bi and 
£2 = 02^262, for some 01,02,61,62 G M and xi,X2 G (P w 0B)i. In this case, we have 

\{vni\w n ,i2)\ = \r(x* 2 a*2v n aixibiw n b* 2 )\ ^ \\EB^(a2V n aixibiW n bl)\\ 2 . 

Since the inclusion B C Mis mixing, we have E B ^ (cxd) = 0, for all c, d G MQB and x G B^QB. 
Thus E B u (ai,v n aixibiw n b2) = E B {a2V n ai)xiE B {biw n b*2). In combination with the last inequality 
this implies that \(v n £iw n ,£ 2 ) < \\EB(a 2 v n ai)\\ 2 — > 0. □ 

Now, if the conclusion P -<m B is false, then we can find a sequence of unitary elements y n G P 
such that ||P_B(a2yn a i)ll2 - > 0, for all ai,a2 G M. Claim 2 then implies that {yn£,Dn->£) ~~ ^ 0> 
contradicting the fact that {ynCUn^O = > 0, for all n. This finishes the proof of Lemma 19.51 
under the additional assumption that P' n pMp = Cp. 

In general, assume again for simplicity that p = 1. Then we can find projections {p n }n^o £ P'dM 
such that po G Z[P' n M) and (f n M)po is diffuse, p n G P' H M is a minimal projection, for all 
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n ^ 1, and Yl n >oPn = 1- Since P w ~< m** B u we can find n such that p n / and p n P^Pn -<M U B u . 
To derive the conclusion, we treat separately two cases. 

Firstly, assume that n = 0. Since ((Ppo)' n poMpo) w C (Ppo)' H (poMpo) w = PoPjPo an d 
Po-FLpo ~^M w P^, h easily follows that (Ppo)'np Mpo -<m P- Since (Pp )' np Mp = (P'nM)p 
is diffuse, Lemma [9~H readily gives that Ppo <m B and hence P -<m B. 

Secondly, suppose that n ^ 1. Since p n E P' n M is a minimal projection we get that (Pp n )' n 
p n Mp n = Cp n . Also, we have that (Pp n )' H {p n Mp n ) u = p n P^Pn is diffuse and satisfies (Pp n )' H 
(p n Mp n ) aJ -<M" P^- By applying the first part of the proof to the subalgebra Pp n C p n Mp n we 
deduce that Pp n <m B and hence that P -<ji/ 5- D 

Proof of Theorem \1.8l Since the inclusions B C Mi, P C Mi are mixing, it follows easily that the 
inclusion B C M is mixing. We claim that the inclusion M, C M is also mixing, for i E {1,2}. 

To this end, let j E {1, 2} with j 7^ i. Let 6 n E (Mj)i be a sequence such that b n — > weakly. The 
claim is equivalent to showing that \\EMi(x* b n y) W2 — > 0, for all x,y E M Mj. We may assume 
that x, y are of the following form: x = x\X2---x m and y = y\yi---y n -, where x\ E Mj, X2 E MjQB, 
X3 E Mj P... and y\ E M{,y% E Mj © P, t/3 E Mj O P..., for some integers m, n ^ 2. We may 
also assume that ^ 1 and ^ 1, for all 1 ^ k ^ m and 1 ^ I ^ n. 

A simple computation shows that E Mi (x*b n y) = EM i {x* m ...xlEB{x%E B {x\b n yi)y2)y?,....yn)- Thus, 
we get that \\EMi(x*b n y)\\2 ^ \\EB{x2EB{x\b n yi)y2)\\2- Since b n — > weakly, we have that 
EB{x*b n yi) — >• weakly. Since X2,y2 £ Mj Q P and the inclusion B C Mj is mixing, it follows 
that \\EB{x2EB{x\b n yi)y2)\\2 — > 0. This proves that \\EMi(x*b n y)\\2 — > and implies the claim. 

Now, to show that M is strongly solid, fix a diffuse amenable von Neumann subalgebra A C M 
and denote P = Nm(A)" ' . Suppose by contradiction that P is not amenable and let z E Z(P) be 
the largest projection such that Pz is amenable. Then p = 1 — z 7^ 0. 

By Theorem 12.71 we can find projections e, / E Z((Pp)' n pMp) n Z((Pp)' n (pMp) w ) such that 

• e + / = p. 

• ((Pp)' n (pMpY)e is completely atomic and ((Pp)' n (pMp) w )e = ((Pp)' Pi (pMp))e. 

• ((Pp)' n {pMpY)f is diffuse. 

Since p / 0, we have that either e / or / 7^ 0. 

In the first case, let eo E ((Pp)' n (pMp) UJ )e be a minimal non-zero projection. Then we have 
that e E p{P' r\M w )pr\p{P' C\M)p and e (P' C\ M UJ )e = Ce . Therefore, Pe is a von Neumann 
subalgebra of eoMeo such that (Peo)' H (eoMeo) w = Ceo- Note that Peo C N eo Me {Aeo)" . 
Theorem 11.61 implies that either Aeo -<m B, Peo -<m Mi, for some i E {1, 2}, or Peo is amenable 
relative to B. Moreover if, Aeo B, then since the inclusion B C M is mixing, Lemma 19.41 
gives that Peo <m B. 

In the second case, we have that / E p(P' n M UJ )p n p(P' n M)p and that /(P' n M u )f is 
diffuse. Thus, P/ is a von Neumann subalgebra of fMf such that (P/)'n (/M/) w is diffuse. By 
applying Theorem IQ1 to the subalgebra P/ of /M/, we get that either (P/)'n(/M/) w -< A/ - P w , 
P/ Mi, for some i E {1,2}, or P/o is amenable relative to B, for some non-zero projection 
fo E Z(P' n M)f. Moreover, if (P/)' n {fMfY < M « B" then since (P/)' n (/M/) w is diffuse, 
Lemma 19.51 implies that Pf -<m B. 

Altogether, since eo ^ p, / ^ p and P C Mi n M%, we get that either Pp -<m Mj, for some 
i E {1,2}, or Pg is amenable relative to B, for some non-zero projection g E Z(P)p. Since 
P is amenable, the second condition implies that Pp has an amenable direct summand, which 
contradicts the maximality of z. 
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In order to finish the proof, assume that Pp -<m Mi, for some i G {1, 2}. Since P' fl M C P, it 
follows that we can find non-zero projections po G Pp, q G Mi, a partial isometry v £ M such 
that v*v = pq and vv* ^ g, and a *-homomorphism (ft : poPpo ~ > QMiq such that (ft(x)v = vx, 
for all x G poPpo. Since (ft(poPpo) C gMjg is a diffuse subalgebra and the inclusion Mj C M is 
mixing, Lemma l9~il gives that <p(poPpo)' H gMg C (/M^g and thus w* 6 Mj. 

Hence, after replacing P with uPu* , for some unitary u£ M, we may assume that po £ Mi and 
PoPpo C poMiPQ. Next, we can find a non-zero projection pi G PoPpo and partial isometries 
fl, f2, ^ P such that u*^ = p\, for all i G {1,2, ...,n}, and p' = 5Zi=i v i v i ^ s a central 

projection of P. Since p\Pp\ C piMjpi, there exists an embedding 9 : Pp' — > M n (piMipi). 

Since Mj is strongly solid, |Ho09t Proposition 5.2] gives that M. n (p\Mipi) is also strongly solid. 
Since the inclusion Ap' C Pp 1 is regular and Ap' is a diffuse amenable von Neumann algebra, 
we deduce that Pp' is amenable. Since p'p ^ (as we have ^ p\ ^ p A p') we again get a 
contradiction with the maximality of z. This completes the proof of the theorem. □ 

We end with several consequences of Theorem 11.81 

Corollary 9.6. Let (M\,ti) and (M2,T2) be strongly solid von Neumann algebras. 
Then M = Mi * M<i is strongly solid. 

Corollary 9.7. Let (M\, t\), (M2, T2), (M n , r n ) be tracial amenable von Neumann algebras 
with a common von Neumann subalgebra B such that ti\ b = T2\b = ••• = T n\B- Assume that the 
inclusions B C M\,B C Mi, ...,B C M n are mixing. Denote M = M\ *b M2 *b ■■■ *B M n . 

Then M is strongly solid. 

Proof. Since the inclusions B C M\,B C M2, ...,B C M n are mixing, it is easy to see that the 
inclusion B C M\*b Mi*b —*b Mi is mixing, for alii G {1,2, ...,n}. The conclusion then follows 
by using induction and Theorem 11.81 □ 

Corollary 19.71 provides two new classes of strongly solid von Neumann algebras. 

Corollary 9.8. Let I 1 !, I^, ...,r n be countable amenable groups with a common subgroup A. 
Assume that gAg~ l n A is finite, for every g G (Uf =1 Ti) \ A. Denote T = Ti *a I^ *a ... *a T n . 

Then L(T) is strongly solid. 

Proof. We claim that the inclusion L(A) C L(Ti) is mixing, for every i G {1,2, ...,n}. 

To this end, let b n G (L(A))i be a sequence converging weakly to 0. We aim to show that 
\\EL(A)( x ^ny)\\2 — > 0, for every x,y G L(Ti) Q L(A). By Kaplansky's density theorem we may 
assume that x = Uh and y = Uk, for some h, k G Tj \ A. Then the set F = {g G A\hgk G A} is 
finite. S incG b n — }■ weakly we get that 

\\ E L(A){UhbnU h )\\l = \ T ( b n u *g)\ 2 ^ °- 

Corollary 19.71 now implies that L(T) = L(Ti) *^(a) L(X2) *l(A) •••• *L(A) L(F n ) is strongly solid. □ 

Corollary 19.81 generalizes the main result of [Ho09l, where the same statement is proven under 
the additional assumption that for every i G {1, 2, n} we can decompose Tj = Tj xi A, for some 
abelian group Tj. 

Corollary 9.9. Let T be a countable amenable group and (D\,t\), {D2,T2), (D n ,T n ) be tracial 
amenable von Neumann algebras. Let T r\ ai (D\,t\),T rV 72 (D2, T2), T rx ari (D n ,T n ) be 
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mixing trace preserving actions. Denote D = D\ * D 2 * ... * D n and endow D with its natural 
trace r. Consider the free product action T r\ u (D,t) given by 

a(g)(x 1 X2-.-x n ) = ai(g)(x 1 )a 2 {g){x 2 )...a n (g)(x n ), for x\ G D 1 ,x 2 G D 2 ,...,x n £ D n . 

Then M = D xi Y is strongly solid. 

Proof. Denote Mi = Di xT. Since the action V rx (D^Tj) is mixing, the inclusion L(T) C Mi 
is mixing, for all 1 ^ i ^ n. Since T as well as D\, D 2 , D n are amenable, we have that 
Mi, M 2 , ...,M n are amenable. Since M = Mi *£(p) M 2 * ... *l(t) M n , the conclusion follows from 
Corollary ~ □ 
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